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Road map

1. Basic Girard-Hutchinson estimator

Based on quadratic forms, unbiased estimator

2. Concentration inequalities

How accurate is our trace estimate? What tools can we use to show these results?

3. Variance reduction

Structured probing and low-rank control variates

4. Trace of matrix functions

Stochastic Lanczos quadrature
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Trace estimation from
matrix—vector products



The matrix-free model

Let A € R"*" be too large or too expensive to form.
We can only query

X — Ax.

How can we recover the trace? A€, A€y, .. Ae, X ? A Ax

One application of

(set APPROXI MATION of V(A) A is the cost unit.
\)s‘\r\% L wekfix—veckor mukiplwakinS

Classical stochastic trace estimation: [Gir87; Hut89; AT11]
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Why estimate a trace?

Gintsh ok vertex |
Noms | S

IBII = tr(B B).

A trace estimator therefore
estimates Frobenius norms of
implicit operators.

J-I=
1

Sronk

LAK)i‘ =% ?@W\S OX \ema\'\/\ K
Ahax z\or’r fom v and

For symmetric A, For the adjacency matrix of a

n simple undirected graph,

tr(f(A)) = ; FOA). 4 {triangles} — %tr(A3).

Examples include log
determinants and eigenvalue
counts.
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The key identity: isotropic probing

Theorem (Unbiased quadratic form)

Let w € R" satisfy

Elww’] = 1.

Then, for every A € R"™",
Elw” Aw] = tr(A).

€[ waw |- E[tr (wAw)] = E[tr(Awwn) | = tr(E[Aww])
= tr (A ELww7) = tr(A)
1
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The Girard—Hutchinson estimator

Draw independent isotropic vectors w1, .. .,w, and set

- 1
tGH(A) = m ZWJTAWJ'.
j=1

M quadralic forms, with A \lor(ﬁéw(’*» = —\Var (WTAW)

A=
m

Girard [Gir87]; Hutchinson [Hut89].
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Which probes can we use?

In theory: any isotropic random vector!

Probe w Isotropic? ~ Main advantage Main drawback

Gaussian N(0, /) yes rotation invariance and clean diagonal entries contribute to
analysis variance

Rademacher yes diagonal contributes no vari- depends on the coordinate

Unif{£1}" ance system

Uniform on the sphere  yes removes radial fluctuation slightly less convenient to gen-

erate
Coordinate \/ne, yes useful for special sparsity pat- can have enormous variance

terns
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Exact variance formulas

Theorem

Let A be a symmetric matrix.

Var(w' Aw) :2HA||,2:, w ~ N(0, /),
Var(w'” Aw) = 2 Hoffdiag(A)H,z:, w ~ Rademacher.
A

For m independent probes, divide each variance by m.

Exact formulas go back to [Gir87; Hut89] 7/44



An example (with Gaussian random vectors)
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Concentration of quadratic forms

How many probes guarantee ¢ accuracy with failure probability

at most §?

A m
A)= - W'TAW'
{GH ) wm % (% (%

estimate




First attempt: Markov inequality

Theorem (Markov inequality)

If X >0, then, for every t > 0,

]E[X]

P{X >t} <

W((X-Em)lat"}s E[(x-E0D] _ varx)
+* e
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Second attempt: Chebyshev inequality

Theorem (Chebyshev inequality)

If X has finite variance, then, for every t > 0,

P{|X — EX| > t} < Va;gx).
Consequence for Girard—Hutchinson
A T
X= bg, () = ;‘W-E%‘w(,Arw,-_ W; v Redemache,

g ( | %eu A ~trW | > 8) < ﬁ \ o{‘&l,iog(/\)\\%- 45
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Hoeffding inequality and Rademacher probes w3 <" I\A\\ \‘0%2/8

Theorem (Hoeffding inequality)

If X1, ..., Xm are independent and aj < X; < bj, then

> t} < 2exp(—2:(lf_ta_)2> .

Consequence for Girard—Hutchinson

P{|55,0% - Ex)

Xi= = wiAw, Il = 5 ) o] Aw il <o WAL lw i
;) < %\\A\\, -
A €
@p{\b@w— trm) ze} < 2 @ (- ?_nl“,w;)

my Z = WAN ‘0%2/6
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Bernstein inequality and Rademacher probes

Theorem (Bernstein inequality)

If X1, ..., Xm are independent, centred, |X;| < b, and V = ZJIE[XJZ] then

P{‘Z}Xl > t} < 2exp<—2(\/_i2bt/3)> .

Consequence for Girard—Hutchinson

2 2
my (_%z Nothdiug W + 20 I, ) by ¥
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Chernoff: moment generating functions control tails

For a centred random variable Y and § > 0, Markov applied to €Y gives
P{Y >t} < e ""Ee’” = exp(—0t + logEe"") .
Optimizing over 6 gives the Chernoff bound:

P{Y >t} < én%exp(fGt + IOgIEeHY) .
>

we Waws o corke the C\Dgg‘é*’ne) MGF og WA w
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Sub-Gaussian, sub-exponential, and sub-gamma tails

Let Y be centred. P{|Y| > t}
Sub-Gaussian (02)
22
log Ee’Y < "2‘9 ., O€eR.
Sub-exponential (v, b)
202 t
log e’ < %, 6] < 1/b.
— sub-Gaussian
— sub-gamma
Sub-gamma (v, ¢) — sub-exponential
02
logEe”Y < —— o] < 1/c.
ogEe S A=y’ 0] <1/c

Terminology varies slightly: here sub-exponential means local quadratic MGF control

14/44



sub-Gaussian behavior and Hoeffding inequality

Hoeffding: boundedness —> sub-Gaussian —> Gaussian tail

If X; are independent and a; < X; < bj, set Z =3 ,(X; —EX;) and S =} ,(b; — aj)?. Then

2
log Ee?4 < ﬁ

Thus Z is sub-Gaussian with parameter S/4; Chernoff gives

P{|Z| > t} < 272/,

P(%;t) < ‘mg G,XP(’G{:+Q_§,%E98}>
®>0 825
<inf (-0t + ?)
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sub-Gamma behavior and Bernstein inequality

Bernstein: variance and boundedness —- sub-gamma —> two-regime tail

If X; are independent, centred, |Xj| < b, and V =3, E[X?], then

03,5
| E U ——
e =2(1-b|

Vo?

01/3)

The sum is sub-gamma with (v, c) = (V, b/3); Chernoff gives

i

2%

J

> t} < 2exp<—2(

2

V + bt/3)

)
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The MGF of a Gaussian quadratic form 3TA3 8NN(D, -T—)

Let g ~ N(0,/) and write A= UAUT.

Rotation imvariance: QT AUTg
» Rotation invariance A’% % \N\% % 3

Z’A\g

3 vNCO.1)

g iid
for e<z

» MGF of Chi-square random variables:
2\ | =
E{exp (eé;‘ \‘] =
» Showing sub-Gamma behavior:

g5 2 A
E [ exe (o (g ‘w))] < e”"”(fle-ignfu;\u ) brl® .‘27/’«»1
2

1-28
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Concentration of a Gaussian quadratic form

The sub-gamma tail bound gives, for every t > 0,

t2
IP’{‘gTAg—tr(A)| >t} <2exp (— ) .
4| Al + 4t | Al

More generally, if xi, ..., x, are independent, centered, and [|xi||,,, < K, then the Hanson-Wright
inequality states

i

t2 t
P{|x"Ax — E(xT Ax)| > t} < 2exp|—cmin ,
{ B K4 A2 K2 (Al

where ¢ > 0 is an absolute constant.

General form: [RV13]; explicit Gaussian constants: [CK22].
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Averaging m Gaussian probes

For an average of m independent copies, the sub-gamma parameters become
2
_ 2|AllE _ 2]lAll,
= —" Cm=——=.
m m

Consequently,

2
4[| All7 + 4t [|All

P{ﬁGH(A) — tr(A) { >t} < 2ex p( mt? ) .

Cortinovis—Kressner [CK22 ’1 l
oy (4 Al + %uAul) g 75
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The symmetric positive semidefinite case

Let A> 0, A#0, and
Al

Ay

Since [|Al|Z < ||All,tr(A), it is sufficient that

A1+e)p log 2

m > .
- g2 )

Since ;1 < 1, a universal rule for0 <e <1is

2 indopendent fom A \

[CK22]; classical PSD analysis: [AT11]
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Takeaway for the basic Girard-Hutchinson trace estimator

» one line of code; » m = O(¢2) at fixed confidence;

» embarrassingly parallel; » cancellation can make relative error

» unbiased; ill-conditioned;

» dimension-free relative guarantees for » known structure in A is unused unless
A= 0. probes are adapted.
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Small-ball estimates: a different question

Concentration controls moderate deviations around the mean. A small-ball estimate instead asks how
likely a random quantity is to be extremely close to zero:

PLIX[, <0} <o(0),  6(0) —0 (610).

For g ~ N(0, /) and fixed x # 0,

2
P{|x"g| < 0ixl,} < \ﬁe.

With m independent Gaussian probes, Q7x/ ||x|, ~ N(0, /») and

TX m m/2
P{ HQ\/EHQ < 9||x||2} o (mf?) < r( /2)

m

(m/2+1)
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Small samples can rule out severe underestimation

Let B € RP*" and define
1 nxm H
Ym(B) = ﬁ 1B g, QeR Gaussian.
Since A= BB >0,
1 —~
¥m(B)? = ;tr(QTAQ) =tau(A),  [IBIF =tr(A).

The rank-one case is worst for lower tails, so uniformly for every B,

P{m(B) < OB} < Fm(mb?), 0<6<1.

Equivalently, P{tqr(A) < atr(A)} < F,(ma).
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A rough two-sided certificate from very few probes

Overestimation is even easier: with stable rank p(B) = ||B||,2E/ ||B||§ Chernoff bound gives
B
P(in(B) > 7B} <ep| - T4E e ap| oo

Using only p(B) > 1 and a union bound yields universal factor-ten guarantees:

number of probes m 1 2 3

lower bound for P{||B||z /10 < ¢(B) < 10||B]|z}  0.920 0.990  0.999

Use case

Cheap certificates and stopping tests may need only to exclude catastrophic error, not deliver a

high-accuracy estimate.
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Variance reduction




Structured probing: can we quickly recover the trace exactly?

1
“aEs
fEe 00000 0®
EEn .
l== the corresponding path graph

a tridiagonal matrix

Question for you

How should we choose deterministic probe vectors so that the trace is recovered exactly?

| o ) \ 0
o ( 0 0 !
ol 8] | ol
| 0 o)

0 | Q A T
9 o |

-
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Randomized probing when entries decay away from the band

exp ( bcmc\q)

strong off-diagonal decay

Stochastic probing analysis: [FRS25]

Variance

Use random signs!

@: {51 0 & 0 ...}T, %
@ aos -] (R

& % Unif{=£1}.

tsp = wlTAwl + wQTsz.
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The control-variate principle

Suppose Alis a symmetric approximation whose trace is cheap to compute. Then
tr(A) = tr(A) + tr(A — A).

Estimate only the residual:

SN ~
t=tr(A) + p Z'ij(A — A)y;.
j=1

Unbiasedness and variance The algorithmic question

With independent Gaussian probes, How do we obtain a useful A using only

matrix—vector products with A?

E[f | Al = tr(A),  Var(t| A) = % HA - Z\Hi.
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Hutch++: sketch, capture, estimate A= QQA + (A- QQTA)

(o (v —ma)~{0-omtm}—{r=co"
[ W N

low-rank part residual
tr(QT AQ) exactly tr((/ — P)A(/ — P)) stochastically

With R = (/ — P)A(/ — P) and independent probes ~;,

tie+(A) = r(QTAQ) + Zv Ry;.
W

= er(QQ"A)

Hutch++: [Mey+21]
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Why Hutch+4+ improves the rate

For A > 0, let A, be a best rank-r approximation. Then
tr(A)
Vi1

[A=Arllr <
A Gaussian rangefinder with k = 2r + 1 satisfies
2 2
Eq [|(1 = QRTA|[- <2[|A— Af.

Combining this with the conditional variance of the residual estimator gives

E [ 4 (A) — tr(A)[ .4
tr(A)2 ~ m(r+1)

Balanced allocation

Choose m =< r < e~ !: relative error O(g) with O(e~!) matvecs, versus O(c~2) for
Girard—Hutchinson.

Rangefinder bound: [HMT11]; Hutch++ analysis: [Mey+21] 29/44



Randomized Nystrom versus randomized SVD

Let A > 0, draw Q € R"* and form Y = AQ.

Randomized SVD approximation Randomized Nystrom approximation

Anygs = Y(QTY)FYT.

Q=0rth(Y),  Asyp = QQTAQQ".

It uses only Y = AQ: one pass!
Forming the small core QT AQ requires
another application of A to Q: a second pass.
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Nystrom+4+: one-pass variance reduction

Draw independent sketches Q € R"™* and W € R"*™, and make one block call
[Y Z| = A[Q V],  Ange=Y(QTY)YT.

Then correct the Nystrom trace with a stochastic residual estimate:

~ - 1 ~
byt = tr(Angs) + - tr(WT(A - ANyS)\IJ) .

Nystrom-++: [PCK22]
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XTrace: every random vector does both jobs

Draw exchangeable probes wy, .. .,w;, and compute ///W

Y = AQ once. For each i, ,
K Y = Alw1 wp w3 wy] ]
Q(,) = Orth(Y(_,-)), \/(_,-) = AQ(_’) held out',/ ¢
[Ileave one out: Q) = Orth(Y(_,-))J
,\\ 1
{?, w; estimates the residualj
/Ei = tr( Q(T,_)AQ(,)) —i—wIT(I — Q(,) Q(-,r))A(I — Q(,) Q(-,,-))W, Rotate the holdout: ev-

ery vector plays both roles.

The held-out probe estimates the residual; all other

probes build its control variate:

m
~ 1 ~
tXTrace = — § tj.
m < 1
i=

XTrace: [ETW24]
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XNysTrace: exchangeable Nystrom control variates

For A = 0, draw isotropic Gaussian probes Q = [wy -+ wp] and compute Y = AQ once. For every
holdout 7, define
A T TvT
Yy =An  Ap =Y (L) Yen) Y,

The held-out vector is independent of its Nystrom control variate, so

~ ~ ~ ~ 1 e
ti =tr(Ap) + w/ (A— Ay )wis EXNysTrace = = Z i

is unbiased.

XNysTrace: [ETW24]
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Which trace estimator should one use?

Method

Best suited for

Main caveat

Girard—Hutchinson

Structure-aware probing

Hutch++ / Nystrom++

crude estimates; slowly decaying PSD
spectra; minimal implementation effort

known sparsity or graph-distance decay

PSD matrices; moderate or fast spectral
decay; tighter accuracy budgets

Monte Carlo rate m—1/2
quality and size of the colouring

orthogonalization and low-rank post-
processing
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Trace of matrix functions




Why traces of matrix functions?

For B= BT = UNUT, n
tr(F(B)) = > f(N\i),
i=1

so one trace encodes a global spectral statistic without computing the spectrum.

Log determinant Eigenvalue counting Network communicability

For B = 0,

log det B = tr(log B). N(7) = tr(L(—0.r1(B)) - EE(B) = tr(e®) = Z e,

Gives spectral distribution

Central in Gaussian-process i
and density-of-states

The Estrada index measures

likelihoods and Bayesian ) ] the abundance of closed
information.

inverse problems. walks in a network.

Need  quadrakic forms &O\))(
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How do we compute the quadratic forms?

1. “Explicit” polynomial approximation of f, e.g. Chebyshev polynomials or Taylor expansion
[Boutsidis et al.'2017, Han et al.' 2015, Pace/LeSage'2004, Zhang/Leithead'2007].

2. Via quadrature / Lanczos method [Bai/Fahey/Golub'1996, Golub/Meurant’2010,
Ubaru/Chen/Saad’'2017].

Let B= Q- D- QT spectral decomposition and let x € R". Then

Amax

XTF(B)x = (@) (D) (@7x) = |

F(t)du(t), where du(t) =" 276,,(t), z = Q"x.
Amin i=1

Gauss quadrature: integral ~ >7_, w;f(6;) =: Z;.
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Approximation of quadratic forms via Lanczos method Golob / Mesrant book

Let T; be matrix obtained after t steps of Lanczos method applied to B with starting vector x.
Then I, :=";_, wif (6;) = e] f(T:)e; where

- nodes 0; = eigenvalues of T;

- weights w; = squares of first elements of normalized eigenvectors of T,

For unit vector x, Lanczos algorithm:
. T Set g1 = w/ ||w]||, go =0, and 3y = 0.
approximate x' f(B)x as For fm 1, .ot

z = Bq; — Bj-1qj-1,

T
Qj = qj z,

f' Tt = Z < z — o4qj,
Bi=lzll, g1 =2/5-

The coefficients «; and 3; form tridiagonal matrix T:.

Obtained after t steps of Lanczos 37/44



Quadrature error is polynomial-approximation error

Assume o(B) C [a, b]. Then

T F(AYw = [l e F(To)er| < 20wl min IF = Pl oy
PEP2—1

See [GM10; UCS17]; corrected analytic bounds in [CK22]
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Stochastic Lanczos quadrature (SLQ)

For independent isotropic probes wi, ..., wm:

1. run t Lanczos steps for each wj; to obtain Tt(j);

2. return

~ 1 '
sne(F) = — > lwjl* e F(TP)er.
j=1

GR analyyis linked ‘o polynemial approx.
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Pointers to recent literature

sl e el bl a bledeitniey » Multilevel estimators: telescope across successively
space for A and reuses it both to approximate f(A) cheaper approximations and allocate probes by
and to construct a low-rank control variate. level [HT22].
» a larger projection space is obtained from the same » Exchangeable estimators: reuse samples across
matvecs; sketching and estimation, extending the XTrace

. principle to matrix functions [MAS26].
» one Krylov run can serve several functions f;

. . . . » Certified/adaptive stopping: estimate stochastic
» adaptive variants balance deflation and residual e pping o
samplin and Krylov errors separately rather than fixing m
pine: and t in advance.

Chen—Hallman: [CH23].

Try ko ok ar the pieses ‘% e eshmater \'_D%%Qr‘
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Summary
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