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Road map

0. Randomized SVD and randomized Nystrom for SPSD matrices

Explaining the equivalence between these.

1. Building low-rank approximations from (only?) some rows and columns

Cross approximation, CUR approximation, column subset selection, Nystrom approximation.

2. Pivoting for cross approximation and Nystrom
Maximum volume, complete pivoting, and randomly pivoted Cholesky.

3. Column subset selection
Frobenius-norm existence results, QR with column pivoting, volume sampling, DPPs, leverage
scores, and adaptive randomized pivoting.

Yuji's lecture: more on CUR and friends!
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Randomized SVD and
randomized Nystrom
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Recap of standard randomized SVD k+p
_ AN

Draw Q € R™(k+P) with independent Gaussian entries and form ‘ A l \Il = E]

Y=AQ, Q=0rth(Y), A=QQ'A

For p > 2, the expected projection error satisfies the standard bound )Q | QA

E|(/— QQT)AI% < (1 n ) 1A= A

p—1

Standard randomized rangefinder result; cf. slide 46 of intro3.pds and [HMT11]
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The SPSD case: Randomized Nystrom

Let A= 0, draw Q € R™(k+P) and form Y = AQ.

Randomized Nystrom approximation
A= AQQTAQ)T(AQ)T. D o

It uses only Y = AQ and small Gram matrices: one pass and streaming-compatible.

Good implementation

Draw Q € R™*; form Y = AQ.

Set v =+/ne||Y] and Y, = Y + Q.
C=chol(Q"Y,); B=VY,C"
Compute [U, X, ~] = svd(B).

A = max{0, X% — vl}; retain k terms.

& & & »® b

Return UAUT in factorized form.
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How do you write orthogonal projections?

Let B € R™* be tall and skinny (n > /).

How do we write the matrix that represents the orthogonal projection onto the range of B?

T
P - BB

P-B(88)" 8

4/36


https://goodnotes.com/

The Nystrom residual
Let Z = AY2Q and let’s write the orthogonal projection onto the range of Z:
__“_l - ﬁ”z_()_ (SLTAVIAVI&)_‘—QT Al/?-
= AL (RTALTSUATE
Let's write the error of the randomized Nystrém approximation:

error = A= ASLIVTASLITRLTA = A2 (I - TIR)A™

Let's relate it to the error of randomized SVD:
U4
lerrorly = b (error) = tr( A (I-T A )

- Ve ||
= |l cz=T) AT .
| (T~ Wang ) A NE 5/36
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Nystrom analysis from randomized SVD analysis

Gram correspondence

Nystréom residual for A < randSVD residual for AY/?
Nystrom nuclear-norm error for A < || - ||% error of randSVD applied to A/

Algorithms for SPSD matrix A < Algorithms for column subset selection for any Bs.t. BTB = A

For Gaussian Q and oversampling p > 2, the standard rangefinder bound therefore yields

<1+>Z>\ = (1455 ) 1A= Al

See Ethan Epperly's blog entry on the Gram correspondence.

6/36


https://goodnotes.com/

Rows, columns, and crosses
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Sometimes, (truncated) SVD does not look great...

15 15

10 10

5 5

0 0

-5 -5

b

-10 J -10
BT -5 0 5 10 15 BT -5 0 5 10 15

Singular vectors (left) and representatives that look closer to the data (right).

Image from Sorensen—Embree (2018), A DEIM-induced CUR factorization.
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Column subset selection

CtA
Choose J C {1,...,n}, |J| =k, and set C = A(:, J). [‘ H =

The best approximation of the form “C - something” is A~ CCTA.

Geometrical interpretation

CC'A inudes With A in the
Onesen  loving

A- CLSA  swam (in some vorm)

CC* = orth. pgjeckion avho Romoq,(C)
A
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CUR approximation by orthogonal projection

Choose columns C = A(:, J) and rows R = A(/,:). What is the best matrix Z such that

A~ CZR?

2
& o
CUR approximation

CU'Q RIR
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Cross approximation

Choose 1, J, with |I| = |J| = k: A~ A(:, )A(L, J)~LA(1,2).

Interpolation property
AC,IIACT, NTACT,:)  coinudes with A
I the @ Ty and 4o ows I

10/36


https://goodnotes.com/

SPSD matrices: Nystrom approximation

For A= AT > 0, take the same indices for rows and columns:

A= AL DA, NDTAWUL).

Sawme  infrerpoais on propedzy ¥x*9ﬂa

11/36


https://goodnotes.com/

Four ways to use selected rows and columns

Column subset selection Cross approximation Nystrom
PcA PeAPy calL )R E

AG, DA, DTAU, )

How should we choose the rows and/or columns?
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Cross approximation and pivoting
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A bad pivot can be arbitrarily bad

Consider

11
], O<ex 1.

Choose the pivot A;; =1 Choose the pivot Ay =¢

-0 ]= e el [ o) fee]- [ o

Be carebul, obouk the Ui of the ndices )
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Local maximum volume is good

o] W
For a full-rank B € RP*9, p > q, define b

Vol(B) = f[aj(B) = \/det(BTB).

Theorem (Goreinov—Tyrtyshnikov—Zamarashkin (1997))
Let I, J select a maximum-volume k x k submatrix of A. Then

|A = ACG DAL D)AWL L, < (k+ D)ok (A).

The same is true if A(l,J) has local maximum-volume in A, that is, you cannot increase its volume
by changing one row index and/or one column index.
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Existence is not yet an algorithm...

Global maximum volume Local maximum volume

Con & dong in ;ibﬁzjvwvnnitalL
NP- hard bimw Couk &l apu\siqe,)
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Gaussian elimination with complete pivoting

Set Eg = A. At step h:

1. find the largest residual entry current residual E,_1
(in:Jin) € arg max |(En—1)

2. subtract the rank-one cross

~ En1(,n) En—1(ih, 3) Conmummlls
En—1(injn)

After k steps

The Som &} ne ronk-1 fockors  +hak we Swblradk g
AL, AT IITACT, )

Epn=Ep 1
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Complete pivoting is greedy volume maximization

Suppose In_1, Jy_1 have already been selected. A bordered determinant identity gives

det A(/h_1 U {i}, Jp_1 U {J}) = det A(/h—la Jh—l) (Eh—l)ij-

Choosing the largest residual entry produces the largest possible one-step increase in volume.

Gaussian elimination with complete pivoting = greedy maxvol

With k steps of this strategy,

”A - A(:> J)A(I’ J)_IA(I7 :)Hmax < 4kgk0'k+l(A)’

where g < 2v/k + 1(k 4 1)'°e(k+1)/4 js the growth factor of Gaussian elimination.

Complete-pivoting bound: [CKM20]
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Cross approximation for SPSD matrices

Question

Let A = 0. Where can you find its entry of maximum absolute value?  on the dfa.ﬁonal &
v

_ - B ag) A, :) - A—

1y ALH_,M,)

oy O(nk) Gime
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Pivoted Cholesky = greedy Nystrom

Starting from Eg = A = 0, choose i, € arg max;(Ep—1);; and update

En—1(:yin)En—1(in,:)
En—1(in, in) '

Ep=Ep1—

After k steps,
A—E.=A(, DA, ) AWU,:) = FFT.

Advantage over the general case
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Randomly pivoted Cholesky

Replace the greedy rule by sampling from the residual diagonal:

(Ep—1)ii

Then apply the same rank-one Schur-complement update.

The Sampling distribukion T o to avold 4he
honges ofter eash siep gty 4k fader.

Randomly pivoted Cholesky: [Che-+24]
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What happens after the first step (in expectation)

Residual after one step when choosing pivot i:

Average:
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A multi-step guarantee for RPCholesky

Let A, be the best rank-r approximation of A = 0. A new analysis shows that

Etr(A—A) < (1+e)tr(A—A,)

as soon as 1
r
k > — +2ry/logr + rlog— +2.3r.
€ €

Improvement over deterministic algorithm

At b o5t 0} Sove oversamping we gur sth very close,
bo Yra bert rank-r gpproxima tion.

Corollary 1.3 of [Epp26]
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Column subset selection
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Projection instead of interpolation

For C = A(:,J), column subset selection returns
PcA = CCTA.
Questions we will try to answer

) Mow dose con we gk %0 bat rank-k approimakion’
2) How do we EPFUENTLY seledk Golomms?
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The Frobenius-norm existence theorem

Theorem (Deshpande—Rademacher—Vempala—Wang)

For every A € R™*" and k < rank(A), there exists J, |J| = k, such that

1A= PAIE < (k+1)|A— AdllE = (k+1) ) oi(A).
i>k

The proof does more: it supplies a probability distribution whose expected error satisfies this bound.

Column subset selection by volume sampling: [Des-+06]
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Volume sampling

<
For |J| = k, volume sampling chooses 3_11“'/ W}

C det(AG.D)TAG, )
N > 5|« det(A(:, S)TA(:, S))

This is exactly a fixed-size determinantal point process (k-DPP) with kernel L = AT A:

P(J)

det L(J, J) = det(A(;, ))TA(:, J)) = Vol(A(:, J)).

E[IA= AC SACDTANE] £ k) VA= AQE
=S exiskna foMowg
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Volume sampling (Sampling a DPP): feasible, but usually too costly

A oo - O
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QR with column pivoting

=
i
Oov Dol K

—_—

At step h, choose the column farthest from the span already selected:

Jn € arg max ||(/ - thlQhTfl)A(:’j)Hz‘

Theoretical guarantee

og C/PQR. M ||A — PJA||2 < 2k\/ n— k0'k+1(A)
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One-to-one correspondence between CPQR and pivoted Cholesky

v

. V

= A=\ ©
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Randomly pivoted QR

Replace the maximum by adaptive sampling from the residual column energies:

(1 = @r_1QI_1)AC j H2
lo- oh_laﬁ Al

After selecting ji, orthogonalize that column and update every residual norm.

P(n=j| Qn-1) =

Comparing to randomly pivoted Cholesky, are they really the same thing in practice?

Randomly pivoted QR / adaptive sampling: [Des+06; Epp26]

29/36


https://goodnotes.com/

Randomized column subset
selection
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Leverage scores

1l
I

Let Ay = UrXxy VkT. The rank-k column leverage scores are

~

" E‘
G=IViG I3 D b=k

j=1

They quantify how strongly column j participates in the dominant right singular subspace.

Leverage score sampling
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Adaptive Randomized Pivoting (ARP)

Input: matrix V € R"*¥ with orthonormal columns such that A~ AVVT.

G dhing oF s 3 Ve

A n I
R N

Leverage scores and adaptivity

41gt sawpe: \.everose,mfe. Then we UPDATE e probobi &% dhstnlbukion
b‘ﬁ (‘wwns" ok Nw’ag V with cgakf ag QR.

Equvalenty: random CPQR  on A
Guarantee

E [WA- ACD AC )M ] < (k) I A- AT IR
i < EL“A - AL'-,‘S)V(S,:)"TVT‘\?;] 31/36
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Randomized SVD + ARP: fast overall algorithm

_ AT v .
Y=A"Q . ARP A, J)
random sketch orthonormal row space indices J actual columns

Conditional ARP guarantee

For the selected J,

E) A= PA|2 < (k+1)[|JA— AWT|2.

Final guarantee

Taking a Gaussian sketching matrix Q € R™*(k+2) we have

Ejql|A— PAIZ < (k+1)(k+3)|A— Az
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Some more thoughts on ARP

CPQR on VT where V has orthonormal columns:

Back to volume sampling:

Deterministic algorithms:
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