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Numerical stability: see book [Higham 02]
Question: Can a computed result be trusted?
e.g. is Ax = b always solved correctly via the LU algorithm?

▶ The situation is complicated. For example, let

A = UΣV T , where U = 1√
2

[
1 1
1 −1

]
, Σ =

[
1

10−15

]
, V = I, and let

b = A

[
1
1

]
(i.e., x =

[
1
1

]
).

In MATLAB, x = A\b outputs
[

1.0000
0.94206

]
▶ Did something go wrong?

NO—this is a ramification of ill-conditioning, not instability
▶ In fact, ∥Ax− b∥2(= ∥Ax̂− b∥2) ≈ 10−16

(After this hour, make sure you can explain what happened above!)
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Conditioning and stability
▶ Conditioning: sensitivity of a problem (e.g. of finding y = f(x) given x) to

perturbation in inputs.

Condition number κ := lim
∥δx∥2→0

sup
δx

∥f(x + δx)− f(x)∥
∥f(x)∥

/∥δx∥
∥x∥

(sometimes absolute condition number:
lim∆x→0 sup∆x ∥f(x + ∆x)− f(x)∥/∥∆x∥)

▶ Backward Stability: property of algorithm
Describes if the computed solution ŷ is exact solution of a nearby input, that is,
ŷ = f(x + ∆x) for a small ∆x.

If problem is ill-conditioned κ≫ 1, then blame the problem, not the algorithm

Notation/convention: x̂ is a computed approximation to x (e.g. of x = A−1b)
ϵ is O(u); in stability analysis we write e.g. u, 10u, (m + n)u, mnu all as ϵ

▶ Hence norm choice does not matter here
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Forward error and backward error

3/31



Numerical stability: backward stability
For computational task Y︸︷︷︸

output
= f( X︸︷︷︸

input
),

let Ŷ be computed approximant
▶ Ideally, error ∥Y − Ŷ ∥/∥Y ∥ = ϵ: seldom true

(u: unit roundoff, ≈ 10−16 in standard double precision)
▶ Good alg is Backward stable Ŷ = f(X + ∆X), ∥∆X∥

∥X∥ = ϵ

“exact solution of slightly wrong input ”

▶ Justification: Input (matrix) is usually inexact anyway! f(X + ∆X) is just as
good at f(X) at approximating f(X∗), where ∥∆X∥ = O(ϵ∥X −X∗∥)
But it may not mean Ŷ − Y is small if ill-conditioned κ≫ 1

▶ Forward stability ∥Y − Ŷ ∥/∥Y ∥ = O(κϵ) “error is as small as backward stable
alg.” (sometimes used to mean small error; we follow Higham’s book [2002])
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Backward stable+well conditioned=accurate solution
Suppose
▶ Y = f(X) computed backward stably i.e., Ŷ = f(X + ∆X), ∥∆X∥ = ϵ.

Then with κ = lim∥∆x∥2→0 sup∆x
∥f(X)−f(X+∆X)∥

∥∆X∥ ,

∥Ŷ − Y ∥ ≲ κϵ

(relative version possible)

’proof’:

∥Ŷ − Y ∥ = ∥f(X + ∆X)− f(X)∥ ≲ κ∥∆X∥∥f(X)∥ = κϵ

If well-conditioned κ = O(1), good accuracy! Important examples:
▶ Well-conditioned linear system Ax = b, κ2(A) ≈ 1
▶ Eigenvalues of symmetric matrices (via Weyl’s bound

λi(A + E) ∈ λi(A) + [−∥E∥2, ∥E∥2] )
▶ Singular values of any matrix σi(A + E) ∈ σi(A) + [−∥E∥2, ∥E∥2]

Note: eigvecs/singvecs can be highly ill-conditioned
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Matrix condition number
κ2(A) = σmax(A)

σmin(A) (≥ 1)

e.g. for linear systems. (when A is m× n(m > n), κ2(A) = σ1(A)
σn(A)) A backward stable

soln for Ax = b, s.t. (A + ∆A)x̂ = b satisfies, assuming ∥∆A∥ ≤ ϵ∥A∥ and
κ2(A)≪ ϵ−1, (so ∥A−1∆A∥ ≪ 1),

∥x̂− x∥
∥x∥

≲ ϵκ2(A)

’proof’: By Neumann series

(A + ∆A)−1 = (A(I + A−1∆A))−1 = (I −A−1∆A + O(∥A−1∆A∥2))A−1

So x̂ = (A + ∆A)−1b = A−1b−A−1∆AA−1b + O(∥A−1∆A∥2) =
x−A−1∆Ax + O(∥A−1∆A∥2), Hence

∥x− x̂∥ ≲ ∥A−1∆Ax∥ ≤ ∥A−1∥∥∆A∥∥x∥ ≤ ϵ∥A∥∥A−1∥∥x∥ = ϵκ2(A)∥x∥
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Backward stability of triangular systems
Recall Ax = b via pivoted LU A = PLU : Ly = P T b, Ux = y (triangular systems).
The computed solution x̂ for a (upper/lower) triangular linear system Rx = b solved
via back/forward substitution is backward stable, i.e.,

(R + ∆R)x̂ = b, ∥∆R∥ = O(ϵ∥R∥).

Proof: [Trefethen-Bau 98] or [Higham 02]
▶ backward error can be bounded componentwise
▶ this means ∥x̂− x∥/∥x∥ ≤ ϵκ2(R)

▶ (unavoidably) poor worst-case (and attainable) bound when ill-conditioned
▶ often better with triangular systems
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(In)stability of Ax = b via LU with pivots
Fact Computed L̂Û satisfies ∥L̂Û−A∥

∥L∥∥U∥ = ϵ

(note: not ∥L̂Û−A∥
∥A∥ = ϵ)

▶ If ∥L∥∥U∥ = O(∥A∥), then (L + ∆L)(U + ∆U)x̂ = b

⇒ x̂ backward stable solution (exercise)

Question: Does LU = A + ∆A or LU = PA + ∆A with ∥∆A∥ = ϵ∥A∥ hold?

Without pivot (P = I): ∥L∥∥U∥ ≫ ∥A∥ unboundedly (e.g.
[

ϵ 1
1 1
]
) unstable

With pivots:
▶ Worst-case: ∥L∥∥U∥ ≫ ∥A∥ grows exponentially with n, unstable

▶ growth governed by that of ∥L∥∥U∥/∥A∥ ⇒ ∥U∥/∥A∥
▶ In practice (average case): perfectly stable

▶ Hence this is how Ax = b is solved, despite alternatives with guaranteed stability
exist (but slower; e.g. via SVD, or QR (next))

Resolution/explanation: among biggest open problems in numerical linear algebra!
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Stability of Cholesky for A ≻ 0
Cholesky A = RT R for A ≻ 0
▶ succeeds without pivot (active matrix is always positive definite)
▶ R never contains entries >

√
∥A∥2

A =

∗
∗
∗
∗
∗

[∗ ∗ ∗ ∗ ∗
]

︸ ︷︷ ︸
R1RT

1

+

 ∗ ∗ ∗ ∗
∗ ∗ ∗ ∗
∗ ∗ ∗ ∗
∗ ∗ ∗ ∗


︸ ︷︷ ︸

also PSD

(exercise: show ∥R1∥2 ≤
√
∥A∥2)

⇒ backward stable! Hence positive definite linear system Ax = b stable via Cholesky
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(In)stability of QR factorization
Gram-Schmidt has subtle stability
▶ plain (classical) version: ∥Q̂T Q̂− I∥ ≤ ϵ(κ2(A))2

▶ modified Gram-Schmidt (orthogonalize ’one vector at a time’):
∥Q̂T Q̂− I∥ ≤ ϵκ2(A)

▶ Classical Gram-Schmidt twice (G-S again on computed Q̂): ∥Q̂T Q̂− I∥ ≤ ϵ

CholeskyQR: AT A = RT R, Q = AR−1 is unstable as is, κ2(Q̂) ≈ u(κ2(A))2

▶ Iterative refinement V powerful: do CholeskyQR on Q̂

[Yamamoto-N.-Yanagisawa-Fukaya 15]
▶ Randomized CholeskyQR: First sketch SA = Q1R1, A1 = AR−1

1 , then
CholeskyQR on A1 is stable [Balabanov 22]
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Stability of Householder QR
With Householder QR, the computed Q̂, R̂ satisfy

∥Q̂T Q̂− I∥ = O(ϵ), ∥A− Q̂R̂∥ = O(ϵ∥A∥),

and (of course) R upper triangular.
Rough proof
▶ Each reflector orthogonal, so satisfies fl(HiA) = HiA + ϵi∥A∥
▶ Hence (R̂ =)fl(Hn · · ·H1A) = Hn · · ·H1A + ϵ∥A∥
▶ fl(Hn · · ·H1) =: Q̂T = Hn · · ·H1 + ϵ, thus Q̂R̂ = A + ϵ∥A∥

Notes:
▶ This doesn’t mean ∥Q̂−Q∥, ∥R̂−R∥ are small at all! Indeed Q, R are as

ill-conditioned as A, but product QR is not
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QR-based soln for Ax = b, overdetermined (least squares),
underdetermined systems

▶ Ax = b solved by A = QR, x = R−1QT b is backward stable (arument LU but
now obviously ∥Q̂∥∥R̂∥ ≈ ∥A∥)

▶ Overdetermined minx ∥Ax− b∥2: solved by A = QR, x = R−1QT b is backward
stable (NB normal eqn AT Ax = is NOT)

▶ Underdetermined A x = b

which solution?
often minimum-norm soln sought: min ∥x∥2 subject to Ax = b

QR-based soln AT = QR, x = Q(R−1b) gives it, backward stable
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Orthogonal Linear Algebra
With orthogonal matrices Q,

∥fl(QA)−QA∥
∥QA∥

≤ ϵ,
∥fl(AQ)−AQ∥

∥AQ∥
≤ ϵ

whereas in general, ∥fl(AB)−AB∥ ≤ ϵ∥A∥∥B∥, so
∥fl(AB)−AB∥/∥AB∥ ≤ ϵ min(κ2(A), κ2(B))

Hence algorithms using orthogonal matrices are usually stable whereas those involving
ill-conditioned matrices are often unstable (but not always!)
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Matrix multiplication is not backward stable
Shock! It is not always true that fl(AB) equal to (A + ∆A)(B + ∆B) for small
∆A, ∆B

▶ Vec-vec mult. backward stable: fl(yT x) = (y + ∆y)(x + ∆x); in fact
fl(yT x) = (y + ∆y)x.

▶ Hence mat-vec also backward stable: fl(Ax) = (A + ∆A)x.
▶ Still mat-mat is not backward stable.
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▶ Still mat-mat is not backward stable.

AB = A B . fl(AB) = AB + ϵ = Ã B̃ ??

with Ã = A + ϵ∥A∥, B̃ = B + ϵ∥B∥? No—e.g., fl(AB) is usually not low rank
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What is true: ∥fl(AB)−AB∥ ≤ ϵ∥A∥∥B∥, so
∥fl(AB)−AB∥/∥AB∥ ≤ ϵ min(κ2(A), κ2(B)).
▶ Great when A or B orthogonal (or square well-conditioned): say if A = Q

orthogonal,
∥fl(QB)−QB∥ ≤ ϵ∥B∥,

so fl(QB) = QB + ϵ∥B∥, hence fl(QB) = Q(B + ∆B) where ∆B = QT ϵ∥B∥
orthogonal multiplication is backward stable 14/31



Classical/important results in NLA stability
all in [Higham ASNA 2002]▶ Orthogonal linear algebra is

backward stable backward stable
▶ Least-squares solved via

Householder QR is backward stable
(not if normal equations solved)

▶ Underdetermined system via
Householder QR is backward stable

▶ Cholesky is backward stable
▶ Triangular solve is backward stable
▶ LU with partial pivots is usually

(not always) backward stable
▶ κ2(A) = ∥A∥2∥A−1∥ is prevalent
▶ Matrix multiplication AB is not

backward stable
▶ . . . 15/31



(Lack of) stability of randomized NLA algorithms
(Backward) stability usually not discussed when randomized NLA alg introduced
But stability is crucial! In fact some existing algorithms are unstable.

Remainder: stability of randomized NLA algorithms

We’ll touch on
I Low-rank approximation (RandSVD, generalized Nyström, Nyström, CUR)

II Sketch-to-precondition minx ∥Ax− b∥2 and Ax = b

16/31



(Lack of) stability of randomized NLA algorithms
(Backward) stability usually not discussed when randomized NLA alg introduced
But stability is crucial! In fact some existing algorithms are unstable.

Remainder: stability of randomized NLA algorithms

We’ll touch on
I Low-rank approximation (RandSVD, generalized Nyström, Nyström, CUR)

II Sketch-to-precondition minx ∥Ax− b∥2 and Ax = b

16/31



Numerical stability of RandSVD
1. Compute sketch Y = AΩ,
2. A ≈ QQT A, where Y = QR.

Stability: Q̂Q̂T A ≈ QQT A with computed Q̂?
▶ Orthogonal linear algebra? Almost... (orthonormal, not orthogonal).
▶ Not trivial as Q̂−Q not small if κ2(AΩ)≫ 1 (usually true)

▶ Nonetheless, [Connolly-Higham-Pranesh 22]

∥QQT A− Q̂Q̂T A∥F ≤ ∥A−QQT A∥F + Cm,nu∥A∥F

Cm,n: low-degree polynomial in m, n. Satisfactory result.
Proof sketch:
By classical stability of QR, Y + ∆Y = Q̂R̂, ∥∆Y ∥ = O(u∥Y ∥) = O(u∥A∥).

QQT A− Q̂Q̂T A = (I − Q̂Q̂T )Y = (I − Q̂Q̂T )∆Y

so ∥QQT A− Q̂Q̂T A∥ ≤ ∥∆Y ∥ = O(u∥A∥).
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Generalized Nyström
Stabilized Generalized Nyström (GN) for A ∈ Rm×n:

A ≈ AX(Y TAX)

ϵ

†Y TA = AX (Y TAX)

ϵ

† Y TA

▶ For sketches X ∈ Rn×r, Y ∈ Rm×(r+ℓ), ℓ = cr (we choose c = 0.5)
▶ Near-optimal accuracy, comparable to RandSVD: for r̂ = 0.7r (say),

E[∥A−AX(Y TAX)ϵ
†Y TA∥F ] = O(1)∥A−Ar̂∥F

▶ (Y TAX)ϵ
† is alarming—ill-conditioned (pseudo)inverse!

▶ Poor implementation catastrophic

▶ Stable with ϵ-pseudoinverse (UΣV T )†
ϵ = V Σ†

ϵUT , if carefully implemened
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Stability analysis sketch: fl(Â) = Âr + ϵ [N. 20]
Â = (AX(Y TAX)†

ϵ)Y T A. Each row of AX(Y TAX)†
ϵ is underdetermined linear

system, solve via SVD or (rank-revealing) QR.
Define sT

i = [AX(Y TAX)†
ϵ]i, ith row

si = ((Y TAX)T )†
ϵ[AX]Ti = (XTAT Y )†

ϵ[AX]Ti =: M †
ϵ [AX]Ti .

Computed version satisfies, by [ASNA Ch. 21] (Û : computed Range(M))

ŝi = (ÛT M + ϵ)†(ÛT [AX]Ti + ϵ) = (M + ϵi)†
ϵ([AX]Ti + ϵ)ϵ.

Thus

[fl(AX(Y TAX)†
ϵY

TA)]i = fl([AX + ϵ]i(Y TAX + ϵi)†
ϵY

TA)
= [AX]i(Y TÃX)†

ϵY
TA + ϵ∥[AX]i(Y TÃX)†

ϵ∥∥Y TA∥
= [AX]i(Y TÃX)†

ϵY
TA + ϵ = [Âr]i + ϵ

Row-wise stability follows from ∥AX(Y TAX)†∥ = O(1), ∥AX(Y T ÃX)†
ϵ∥ = O(1)

(shown separately). 19/31



Experiments: dense matrix
Dense 50000× 50000 matrix w/ geom. decaying σi

10
3

10
4

rank

10
2

10
3

ti
m

e
(s

)

GN

TYUC

HMT

10
3

10
4

rank

10
-15

10
-10

10
-5

10
0

GN

TYUC

HMT

SVD

HMT=RandSVD: Halko-Martinsson-Tropp 11, TYUC: Tropp-Yurtsever-Udell-Cevher 17

▶ GN and TYUC have same accuracy (as they should)
▶ GN faster, up to ≈ 10x
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Nyström for A ⪰ 0

A ≈ A(:, I)A(I, I)−1A(I, :)

▶ Again, ill-conditioned inverse A(I, I)−1 is alarming
▶ Nyström = Cholesky (in exact arithmetic), and Cholesky is stable.

But ≠⇒ Nyström is; implementation matters
▶ One solution is to shift [Tropp-Yurtsever-Udell-Cevher 17], but more expensive and

slightly changes approx (see also [Carson-Daužickaite 24])
▶ Stable provided [Bucci-N.-Park 25]

▶ Good (local maxvol) indices I are chosen,
▶ Regularized A(I, I)−1

ϵ and carefully implemented
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CUR stability is open. Repost: example with Ai,j = exp(−|xi − µj|2/2)
xi: 500 equispaced pts in [−5, 5], µj : equispaced in [−2.5, 2]
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<i(A) decay

truncated SVD
CUR

I was the supressing the CUR rank after 30... if I don’t,

CUR stability analysis is incomplete. Oversampling |I| > |J | may help [Park-N. 25]
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Sketch-to-precondition for least-squares: Blendenpik
[Rokhlin-Tygert 08, Avron-Maymounkov-Toledo 2010]

min
x
∥Ax− b∥2, A ∈ Rm×n, m≫ n

▶ Traditional method: normal eqn x = (AT A)−1AT b or A = QR, x = R−1(QT b),
both O(mn2) cost

▶ Randomized: generate random G ∈ R4n×m, and G A = Q̂ R̂

Then solve miny ∥(AR̂−1)y − b∥2 via LSQR (=CG on AT Ax = AT b)
▶ Successful because AR̂−1 is well-conditioned
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Explaining Blendenpik via Marchenko-Pastur

Claim: AR̂−1 is well-conditioned with G A = Q̂ R̂ (QR)

Show this for G ∈ R4n×m Gaussian:

Proof: Let A = QR. Then GA = (GQ)R =: G̃R

▶ G̃ is 4n× n rectangular Gaussian, hence well-cond

▶ So by M-P, κ2(R̃−1) = O(1) where G̃ = Q̃R̃ is QR
▶ Thus G̃R = (Q̃R̃)R = Q̃(R̃R) = Q̃R̂, so R̂−1 = R−1R̃−1

▶ Hence AR̂−1 = QR̃−1, κ2(AR̂−1) = κ2(R̃−1) = O(1)
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Blendenpik is not stable
[Meier-N.-Townsend-Webb 24, Epperly-Meier-N. 25, slides from Meier]

Sketch-and-solve initialization is helpful, but not perfect 25/31



Blendenpik with iterative refinement
SPIR: Sketch-and-Precondition with Iterative Refinement [Epperly-Meier-N. 25]

1. Sketch-and-solve initialization
1.1 Draw a random matrix S ∈ Rs×m, n < s≪ m

1.2 Compute SA, Sb, and SA = QR

1.3 Set x0 = R−1QT Sb = argminx∥S(Ax− b)∥2

2. Sketch-to-precondition with initial guess x0
2.1 Compute residual r0 = b−Ax0
2.2 Compute δx0 = argminδx∥Aδx− r0∥2 with sketch-to-precondition
2.3 Update x1 = x0 + δx0

3. Sketch-to-precondition with initial guess x1
3.1 Compute r1 = b−Ax1
3.2 Compute δx1 = argminδx∥Aδx− r1∥2 with sketch-to-precondition
3.3 Update x2 = x1 + δx1
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Blendenpik is not stable; iterative refinement fixes it!
SPIR: iterative refinement
Sketch-and-apply: compute AR−1 explicitly (expensive)
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Preconditioned LSQR for Ax = b [Epperly-Greenbaum-N. 25]

Suppose preconditioner P s.t. κ2(AP ) = O(1) given.

▶ Preconditioned LSQR benefits from iterative refinement, like minx ∥Ax− b∥2
▶ Finding such P (cluster σi) not easy, but ’easier’ than classic goal to cluster λi

▶ with λi → λ∗, AP → λ∗I (DOF:

1

)
▶ σi → σ∗ implies AP = σ∗Q for orthonormal Q (DOF:

n(n+1)
2

)
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Convergence of iterative methods for Ax = b

▶ CG for A ≻ 0: O(n2√κ2(A) log(1
ϵ )) for ϵ error in A-norm ∥x∗ − x̂∥A/∥x∗∥A ≤ ϵ

▶ GMRES for diagonalizable A = XΛX−1: k iterations gives residual

∥Axk − b∥2/∥b∥2 ≤ κ2(X) min
p∈Pk,p(0)=1

max
z∈λ(A)

|p(z)|.

▶ Recent work [Dereziński-Epperly-Meyer 26] shows Ω(κ2(A) log(1/ϵ)) matvecs needed
for ϵ guarantee

Convergence of backward error in iterative methods? [Derezinski-N.-Rebrova 26]
▶ A ⪰ 0: κ(A)-independent, universal convergence!

▶ Richardson iteration has complexity O( n2

ϵ )
▶ Optimal Krylov (Minimal Backward ERRor: MINBERR): O( n2

√
ϵ
)

▶ Nonsymmetric A: O(n2 log n
ϵ ) via MINBERR on A⊤Ax = A⊤b

(uses randomized perturbation A← A + ∆A)
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MINBERR Experiments, matrices from SuiteSparse

n = 16146 Aerospace model n = 19779 stability analysis
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Summary on stability
▶ Most classical NLA algorithms are backward stable (but not all)

▶ Orthogonal linear algebra is stable
▶ Most low-rank methods can be made stable with a careful implementation
▶ Some (randomized) iterative methods aren’t stable. Iterative refinement can

help!
▶ Classical stability/perturbation analysis continue to be crucial

In the remainder, we could discuss:
▶ MINBERR in more detail
▶ Kaczmarz methods
▶ Matrix learning from matvecs
▶ Elementwise (max-norm) approximation
▶ Sketched GMRES and its stability, sketched Rayleigh-Ritz
▶ Marchenko-Pastur: Fundamental Theorem of Computational Mathematics
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Kaczmarz method: successive projections onto hyperplanes

x1

x2

H
1

: a
T 1
x

=
b 1

H2 : a
T
2
x = b2

H
3 : a T3 x =

b3

H4 : aT
4 x = b4

x0
x1

x2

x3

x4
x∗

Problem Setup: Solve Ax = b,
where A ∈ Rm×n has rows
aT

1 , . . . , aT
m, and b ∈ Rm.

Update Rule: Starting from
x0 ∈ Rn:

xk+1 = xk +
bi(k) − ⟨ai(k), xk⟩
∥ai(k)∥2

2
ai(k)

Geometric Intuition:

▶ Hyperplanes:
Hi = {x ∈ Rn : ⟨ai, x⟩ = bi}.

▶ Iteratively pick row i(k) and
update soln xk minimally s.t.
Ax = b holds there
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H4 : aT
4 x = b4

x0
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x3

x4
x∗

▶ Classic cyclic ordering
i(k) = (k mod m) + 1: hard to
prove convergence

▶ O(n) operations/iteration (V
fast).

▶ This is SGD (Stochastic
Gradient Descent) applied to
minimizing
∥Ax− b∥2

2 =
∑N

i=1(aix− bi)2:
connections to ML
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Randomized Kaczmarz [Strohmer–Vershynin 08]
Key Idea: Select row i(k) with probability proportional to row energy:

P(i(k) = i) = ∥ai∥22
∥A∥2F

Main Theorem (Linear Convergence in Expectation): Let Ax = b be consistent
with unique solution x∗. Then:

E∥xk − x∗∥22 ≤
(

1− σ2
min(A)
∥A∥2F

)k

∥x0 − x∗∥22

Key Takeaways:
▶ Guarantees exponential (linear) rate of convergence in expectation.
▶ Convergence rate depends on scaled condition number κF (A) = ∥A∥F

σmin(A) .
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3. Proof Sketch (Strohmer–Vershynin)
1. Orthogonal Error Decomposition: Let error ek = xk − x∗. Since bi = ⟨ai, x∗⟩, update
step gives ek+1 = ek − ⟨ai,ek⟩

∥ai∥2
2

ai. By Pythagorean theorem:

∥ek+1∥2
2 = ∥ek∥2

2 −
|⟨ai, ek⟩|2

∥ai∥2
2

2. Conditional Expectation Given xk: Summing over choice i with probability pi = ∥ai∥2
2

∥A∥2
F

:

Ek∥ek+1∥2
2 = ∥ek∥2

2 −
m∑

i=1

∥ai∥2
2

∥A∥2
F

|⟨ai, ek⟩|2

∥ai∥2
2

= ∥ek∥2
2 −
∥Aek∥2

2
∥A∥2

F

3. Singular Value Lower Bound: Since ∥Aek∥2
2 ≥ σ2

min(A)∥ek∥2
2:

Ek∥ek+1∥2
2 ≤

(
1− σ2

min(A)
∥A∥2

F

)
∥ek∥2

2

Iterating expectation yields the final result.
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Kaczmarz Numerical instability & Stabilization by refinement

[Dereziński, Epperly, Needell, Xue, 2026]

1. The Finite-Precision Surprise (Lack of Forward Stability):
▶ Standard Randomized Kaczmarz (RK) not forward stable
▶ Direct solvers achieve forward error ≈ ∥x∥ κ̃(A)u, where κ̃(A) = ∥A∥F ∥A−1∥ is

the Demmel condition number.
▶ RK stagnate at much worse error:

E∥x̂k − x∥ ≲ ∥x∥ κ̃(A)2u

▶ Intuition: Each step incurs O(u) roundoff, damped at rate 1−O(1/κ̃(A)2),
accumulating total error

∑∞
t=0 O(u)(1−O(1/κ̃(A)2))t = O(κ̃(A)2u).
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Kaczmarz Numerical instability & Stabilization by refinement

▶ Run RK to its error floor x̂, compute residual r = b−Ax̂, solve Ae = r in a
separate vector e, and update x̂← x̂ + e.

▶ Executed entirely in uniform precision (no double-precision residual needed).
▶ Key Result: Restores full forward stability matching direct solvers:

E∥x̂t − x∥ ≲ ∥x∥ κ̃(A)u

▶ Insight: In exact arithmetic, IR is identical to running more Kaczmarz steps; in
floating point, explicit residual tracking prevents error accumulation.
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Beyond-Krylov Speedups: Kaczmarz++
Kaczmarz++ (M Dereziński, D Needell, E Rebrova, J Yang 25)
▶ Motivation: Standard Kaczmarz struggles on ill-conditioned A with spectral

outliers.
▶ Spectral Capture: Captures top-k outlying singular values provably faster than

Krylov solvers (CG / GMRES).
▶ Convergence Guarantee:

E∥xt − x∗∥22 ≤ 8
(

1− k2

24m κ̄k

)t

∥x0 − x∗∥22

where κ̄k depends only on the remaining spectrum after removing the top k

values.
Extensions & Stability
▶ CD++: Adapts Kaczmarz++ to coordinate descent for PSD matrices without

inner solvers.
▶ Forward Stability: Fixes error accumulation via randomized iterative refinement.37/31



Miscellaneous: matrix learning from matvecs
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▶ A ∈ Rn×n is known to be tridiagonal
▶ We can compute xTA for any x ∈ Rn. (e.g. A = B3, B known)

Question: How many vectors x do we need to recover A exactly?

Answer: 3
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Tridiagonal estimation/recovery
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For the ith column of B = XT A,

bi := XT ai

=xi−1ai−1,i + xiai,i + xi+1ai+1,i

so solve minx

∥∥∥∥∥∥∥∥ xi−1, xi, xi+1

ai−1,i

ai,i

ai+1,i

− bi

∥∥∥∥∥∥∥∥
▶ Here we can take XT = [I3, I3, . . . , I3] [Halikias–Townsend (24)]
▶ Alternatively, XT iid Gaussian Xij ∼ N(0, 1)
▶ Important fact: by Marchenko-Pasture rule, rectangular random matrices are

well conditioned, so least-squares give stable results 39/31



Marchenko-Pastur rule: Fundamental Theorem of Comp Math
G: random m× n iid entries, mean 0 variance 1 (e.g. Gaussian)

Histogram of singular values σi(G)

aspect=1

0 1 2
0

10

20

30

40

50
aspect=2

0 1 2
0

10

20

30

40

50
aspect=5

0 1 2
0

10

20

30

40

50
aspect=10

0 1 2
0

10

20

30

40

50

density ∼ 1
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√
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n), support [
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√

n]

▶ κ2(A) ≈
√

m+
√

n√
m−

√
n

, ’Rectangular random matrix is well-conditioned’
▶ Related to Johnson-Lindenstrauss Lemma, Compressed sensing Restricted

Isometry Property, Oblivious Subspace Embedding, Concentration Inequalities40/31



Pop quiz 2
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▶ A ∈ Rn×n sparse with ≤ 3 nonzeros per column in known location (left), and
unknown location (right).

Question: How many x do we need to recover A exactly?

Answer: Left: 3–4 (least-squares as before)
[Amsel–Chen–Halikias–Keles–Musco–Musco arXiv 2024]

Right: O(log(n)) (right; using compressed sensing)

Open: What is the class of matrices recoverable from XTA, X Gaussian?
[Levitt-Martinsson arXiv 2022, Boullé-Halikias-Otto-Townsend arXiv 2024 etc]

Can we get e.g. eigenvalues directly?
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Miscellaneous: Elementwise approximation of a matrix

For any A ∈ Rn×n, there exists rank-r matrix Ar s.t.

∥A−Ar∥max ≤ O

( log n√
r

)
∥A∥2

where ∥B∥max = maxi,j |Bij | [Udell-Townsend (2019)]

▶ Any matrix is approximately low-rank in the elementwise sense
▶ Ar can be taken as UΣ1/2GGT Σ1/2V ∗/r, where G ∈ Rn×r Gaussian Gij ∼ N(0, 1) iid

▶ Simpler: A ≈ AGGT = AG GT , where G scaled Gaussian

42/31



Low-rank approximation via A ≈ Ar = AGGT , G Gaussian
A: identity matrix

original

▶ Not great for high accuracy
▶ Can be good for low accuracy, detecting heavy hitters etc
▶ Most trace estimation methods are based on A ≈ AGGT :

Trace(A) ≈ Trace(AGGT ) = Trace(GT AG) =
∑r

i=1 gT
i Agi

▶ Extension to diagonal/matrix estimation in max-norm [Baston-N. 22]

▶ Open: more applications?
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Low-rank approximation via A ≈ Ar = AGGT , G Gaussian
A: identity matrix

original elementwise r=4 truncated SVD

▶ Not great for high accuracy
▶ Can be good for low accuracy, detecting heavy hitters etc
▶ Most trace estimation methods are based on A ≈ AGGT :
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Low-rank approximation via A ≈ Ar = AGGT , G Gaussian
A: identity matrix

original elementwise r=50 truncated SVD

▶ Not great for high accuracy
▶ Can be good for low accuracy, detecting heavy hitters etc
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Low-rank approximation via A ≈ Ar = AGGT , G Gaussian
A: identity matrix

original elementwise r=100 truncated SVD

▶ Not great for high accuracy
▶ Can be good for low accuracy, detecting heavy hitters etc
▶ Most trace estimation methods are based on A ≈ AGGT :

Trace(A) ≈ Trace(AGGT ) = Trace(GT AG) =
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i=1 gT
i Agi

▶ Extension to diagonal/matrix estimation in max-norm [Baston-N. 22]
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Low-rank approximation of image

[art by E. Nakatsukasa 2020]

original elementwise r=1 truncated SVD
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Low-rank approximation of image

[art by E. Nakatsukasa 2020]

original elementwise r=10 truncated SVD
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Low-rank approximation of image

[art by E. Nakatsukasa 2020]

original elementwise r=30 truncated SVD
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Low-rank approximation of image

[art by E. Nakatsukasa 2020]

original elementwise r=100 truncated SVD
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Low-rank approximation of image

[art by E. Nakatsukasa 2020]

original elementwise r=200 truncated SVD

44/31



GMRES for Ax = b review [Saad-Schulz 86]

Minimize residual in Krylov subspace Kk(A, b) := span(b, Ab, . . . , Ak−1b)

xk = argminx∈Kk(A,b)∥Ax− b∥2

i.e., find solution of form xk = Pk−1(A)b, Pk−1 polynomial deg ≤ k − 1
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Minimize residual in Krylov subspace Kk(A, b) := span(b, Ab, . . . , Ak−1b)

xk = argminx∈Kk(A,b)∥Ax− b∥2

i.e., find solution of form xk = Pk−1(A)b, Pk−1 polynomial deg ≤ k − 1

Arnoldi process: finds orthonormal basis Qk for Kk(A, b)

Set q1 = b/∥b∥2

For k = 1, 2, . . . ,

set v = Aqk

for j = 1, 2, . . . , k

hjk = qT
j v, v = v − hjkqj % MGS (or CGS2) orthogonalization

end for
hk+1,k = ∥v∥2, qk+1 = v/hk+1,k

End for

This gives Arnoldi decomposition AQk = Qk+1H̃k 45/31



GMRES for Ax = b review [Saad-Schulz 86]

Minimize residual in Krylov subspace Kk(A, b) := span(b, Ab, . . . , Ak−1b)

xk = argminx∈Kk(A,b)∥Ax− b∥2

i.e., find solution of form xk = Pk−1(A)b, Pk−1 polynomial deg ≤ k − 1

GMRES: Run Arnoldi AQk = Qk+1H̃k and write xk = Qky, solve

min
y
∥AQky − b∥2 = min

y
∥Qk+1H̃ky − b∥2

= min
y

∥∥∥∥∥
[
H̃k

0

]
y − ∥b∥2e1

∥∥∥∥∥
2

, e1 = [1, 0, . . . , 0]T

▶ Reduces to Hessenberg least-squares, O(k2) work
▶ Overall, k A-mult. + O(nk2) Arnoldi orthogonalization + O(k2) Hessenberg

solve.
▶ Orthogonalization O(nk2) expensive→traditionally, restart GMRES45/31



Does sketching help in GMRES?
▶ Apparently NOT, as H̃k is almost square+full-rank in

min
y

∥∥∥∥∥∥∥∥∥∥∥∥
AQk y − b

∥∥∥∥∥∥∥∥∥∥∥∥
2

= min
y

∥∥∥∥∥ H̃k
y − e1

∥∥∥∥∥
2

▶ But Qk need not be orthonormal! Instead, we can find basis Bk s.t.
span(Bk) = span(Qk) and solve

min
y

∥∥∥∥∥∥∥∥∥∥∥∥
ABk z − b

∥∥∥∥∥∥∥∥∥∥∥∥
2

⇒ min
ẑ

∥∥∥∥∥∥ SABk ẑ − Sb

∥∥∥∥∥∥
2

▶ xk = Bkz is still the GMRES solution

▶ ABk is n× k, ripe for sketching! Great if GMRES residual small

sGMRES (sketched GMRES). Any good?
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Non-orthogonal linear algebra

min
z

∥∥∥∥∥∥∥∥∥∥∥∥
ABk z − b

∥∥∥∥∥∥∥∥∥∥∥∥
2

⇒ min
ẑ

∥∥∥∥∥∥ SABk ẑ − Sb

∥∥∥∥∥∥
2

▶ In GMRES, Bk orthonormal; O(nk2) cost
▶ Not necessary! Works fine as long as κ2(ABk) < u−1 ≈ 1016

▶ Why?

Because by ASNA Ch. 20, the computed z essentially minimizes
∥ABkz − b∥2, equivalent to GMRES ∥AQky − b∥2

▶ Same for sketching step
▶ Offers enormous flexibility in choice of basis Bk, eliminating need for Arnoldi

orthogonalization
▶ Forming [b, Ab, A2b, . . .] is still bad idea—we suggest truncated/partial

orthogonalization; O(nk) cost
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Experiments with sGMRES
t2em (nonsymmetric) matrix from SuiteSparse Matrix Collection
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▶ sGMRES (p = 4) achieves almost 100x speedup over GMRES, comparable to
GMRES-10 (restarted every 10 iterations)

▶ Accuracy of sGMRES is nearly identical to GMRES, while Bk and ABk are full
rank [ Burke-Carson-Ma 25] 48/31



III. Eigenvalue problems: Review of Rayleigh-Ritz

Ax = λx

▶ If A modest size ≲ 5000, standard QR alg. is amazing
▶ For larger problems, subspace methods: find subspace B ∈ Rn×k that

approximately contains desired eigenvector(s), and solve.

Classical approach: Rayleigh-Ritz (RR); B = QR (if B not orthonormal), and solve
small eigenproblem

QTAQy = λy.

(λ, Qy) is approximate eigenpair (Ritz pair). Cost (at least) O(nk2)
Can we sketch Rayleigh-Ritz? Doesn’t look that way...
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Alternative formulation of Rayleigh-Ritz
Key fact: RR is equivalent to solving My = λy, where [Parlett 96, Ch. 11]

minimize
M∈Rk×k

∥∥∥∥∥∥∥∥∥∥∥∥
AB − B M

∥∥∥∥∥∥∥∥∥∥∥∥
F

,

This can be sketched! sRR (sketched Rayleigh-Ritz)

minimize
M̂∈Rk×k

∥∥∥∥∥∥ SAB − SB M̂

∥∥∥∥∥∥
F

▶ Small residual ∥ABy − λBy∥ ⇒ small ∥S(ABy − λBy)∥
▶ However, stability analysis is incomplete, or impossible: Stewart’s classical

example shows RR (without sketching) can fail (but it works almost always; a bit
like GEPP).
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Experiments: nonsymmetric eigs
B: Krylov (for comparison with eigs)
Nonsymmetric eigenproblem arising in trust-region subproblem, rightmost eigenpair
desired
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What do direct (’best’) methods achieve?
A = PLU or A = QR requiring O(n3) (or O(nω)), gives computed x̂ s.t.
▶ x̂ is backward stable (A+∆A)x̂ = b, ∥∆A∥/∥A∥ = O(u)
▶ But this implies NOTHING about forward error ∥x∗ − x̂∥/∥x∗∥;

can be as large as uκ2(A)

So..
▶ Requiring ϵ forward error is arguably preposterous
▶ We should examine convergence also in backward error!

Existing backward error (berr) analysis:
▶ Mostly for stability analysis of algorithms [Wilkinson 65, Jankowski-Wozniakowski 77,

Greenbaum 89, Higham 02 etc etc]
▶ Surprisingly, no prior work looks at convergence of basic iterative methods wrt berr
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Forward vs Backward error x̂

Forward error: ∥x̂−x∗∥
∥x∗∥

▶ ’x̂ is a slightly wrong solution’
▶ includes relative residual, by taking ∥ · ∥ = ∥ · ∥A⊤A

▶ unavoidably affected by conditioning ∥x̂−x∗∥
∥x∗∥ ≤ O(uκ2(A))

▶ impossible to get ϵ forward error for any A, even with best possible algorithm (e.g.
A\b doesn’t, even for residual)

Backward error berrA,b(x̂) := min∆A
∥∆A∥
∥A∥ s.t. (A + ∆A)x̂ = b

▶ ’x̂ is exact soln of slightly wrong problem’
▶ gold standard of good numerical algorithms [Higham 2002]
▶ berrA,b(x) = ∥Ax−b∥

∥A∥∥x∥ .

▶ Forward error≲ κ·berr
Most convergence analysis: on forward error

This work: convergence analysis of backward error
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▶ unavoidably affected by conditioning ∥x̂−x∗∥
∥x∗∥ ≤ O(uκ2(A))

▶ impossible to get ϵ forward error for any A, even with best possible algorithm (e.g.
A\b doesn’t, even for residual)

Backward error berrA,b(x̂) := min∆A
∥∆A∥
∥A∥ s.t. (A + ∆A)x̂ = b

▶ ’x̂ is exact soln of slightly wrong problem’
▶ gold standard of good numerical algorithms [Higham 2002]
▶ berrA,b(x) = ∥Ax−b∥

∥A∥∥x∥ .

▶ Forward error≲ κ·berr
Most convergence analysis: on forward error

This work: convergence analysis of backward error53/31



Richardson iteration for A ⪰ 0: xk+1 = xk − 1
∥A∥2

(Axk − b).
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Richardson iteration complexity is O(n2/ϵ) (V surprising to me!)
For Ax = b, A ≻ 0, x0 = 0, η = 1

∥A∥2
, and xk+1 = xk − η(Axk − b).

Then Theorem:
berrA,b(xk) ≤ 1

k

implying complexity O(n2/ϵ) for ϵ backward error.

Proof: nontrivial but elementary.
Axk − b = A(xk−1 − η(Axk−1 − b))− b

= (I − ηA)(Axk−1 − b) = −(I − ηA)kb.

Also xk = (I − ηA)xk−1 + ηb = η
∑k−1

i=0 (I − ηA)ib. So

berrA,b(xk) = ∥Axk − b∥2

∥A∥2∥xk∥2
= ∥(I − ηA)kb∥2

∥
∑k−1

i=0 (I − ηA)ib∥2
≤
∥∥∥∥(I − ηA)k

( k−1∑
i=0

(I − ηA)i
)−1

∥∥∥∥
2

≤ max
1≤j≤n

(1 − ηλj)k∑k−1
i=0 (1 − ηλj)i

≤ 1
k

.
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MINBERR: berr-minimizing Krylov method
Recap: Richardson gives O(1/k) berr. What about Krylov methods?

Can show: regularized CG, MINRES achieve O((log k/k)2) berr.

Better yet: minimize berr in Krylov subspace!
Call MINBERR (precursor in Kasenally 95, Kasenally-Simoncini 97)

xk := argminx∈Span(b,Ab,...,Ak−1b)berrA,b(x)

Convergence: berrA,b(xk) ≤ 3
k2 − 1

Proof sketch:
min

x∈Kk(A,b)
berrA,b(x) = min

p∈Pk−1

∥Ap(A)b− b∥2

∥p(A)b∥2
≤ min

p∈Pk−1
∥(Ap(A)− I)p(A)−1∥2

= max
i

∣∣∣λip(λi)− 1
p(λi)

∣∣∣ ≤ max
x∈[0,∥A∥2]

∣∣∣x− 1
p(x)

∣∣∣.
Then show RHS≤ 3/(k2 − 1) via carefully modified Chebyshev polynomials
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MINBERR implementation
Let AQk = Qk+1Tk be Lanczos decomposition.

argminy∈Rk

∥AQky − b∥2

∥Qky∥2
= argminy∈Rk

[
−1 y⊤] ([b AQk

]⊤ [
b AQk

]) [−1
y

]
[
−1 y⊤]([0

Ik

]⊤ [0
Ik

])[
−1
y

] .

MINBERR solution: smallest eigenpair of generalized eigenproblem.
▶ Deflate eigenvalue λ =∞ and simplifying results in tridiagonal singular value problem T̃ .
▶ Inverse iteration to get smallest singular triplet of T̃ ; extend analysis in [Kuczyński and

Woźniakowski 92]
▶ In addition to Lanczos, negligible O(k log k) additional cost needed
▶ Reorthogonalization makes difference, adding O(nk2)
▶ Code available on Github
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MINBERR Experiments, matrices from SuiteSparse

n = 16146 Aerospace model n = 19779 stability analysis
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Extension of universal convergence to nonsymmetric Ax = b?

Possible approaches:
1. A direct GMRES-style extension of MINBERR (i.e., GMBACK)

Doesn’t work because of the standard counter-example (A orthogonal) where the
error stagnates until k = n.

2. Richardson on normal equation

Richardson on AT Ax = AT b has examples s.t. berrA,β(xk) ≥ κ(A)
ek .

3. LSQR-style extension (Krylov for the normal equations)
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MINBERR-NE (MINBERR on normal equations)

MINBERR-NE
Given an n× n matrix A, vector β ∈ Rn, and k ≥ 1, define

xk := argminx∈Kk(AT A,AT β)berrA,β(x).

▶ Still minimize berr, different subspace
▶ Bidiagonalization-based decomposition, takes 2k · TMatVec + O(nk)

Theorem (Nearly-universal convergence of MINBERR-NE)

For all k ≥ 2, the MINBERR-NE iterate sequence satisfies:

berrA,β(xk) ≤ 3 log κ(A)
k

.
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Toy experiment
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κ(A) = 108, geometric σi(A), b: nearly aligned with smallest singvec61/31



Hard case for MINBERR-NE

100 101 102

10-2

10-1

100

A = UΣV ⊤, σi(A) geom decay, except σn ≪ σn−1. β = U · [1, ..., 1,
√

n]⊤62/31



Random perturbation to the rescue

Perturbed MINBERR-NE
Given A ∈ Rn×n, β ∈ Rn, k ≥ 1, ϵ ≥ 0, and a Gaussian G ∈ Rn×n,

x̃k :=argminx∈Kk(Ã⊤Ã,Ã⊤β)berrÃ,β(x), where Ã = A + ϵ∥A∥2
3
√

n
G.

▶ G perturbation only adds ≈ ϵ backward error.
▶ κ2(Ã) = O(n/ϵ) with high probability. [Sankar-Spielman-Teng 06]

Theorem (Quasi-Universal convergence of Perturbed MINBERR-NE)

With probability 1− δ − e−n/2, Perturbed MINBERR-NE satisfies:

berrA,β(x̃k) ≤ 4 log(10n/ϵδ)
k

+ ϵ.

63/31



Random perturbation to the rescue

Perturbed MINBERR-NE
Given A ∈ Rn×n, β ∈ Rn, k ≥ 1, ϵ ≥ 0, and a Gaussian G ∈ Rn×n,

x̃k :=argminx∈Kk(Ã⊤Ã,Ã⊤β)berrÃ,β(x), where Ã = A + ϵ∥A∥2
3
√

n
G.

▶ G perturbation only adds ≈ ϵ backward error.
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MINBERR-NE hard case again
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Complexity of MINBERR-NE

Theorem
With probability ≥ 1− δ, perturbed MINBERR-NE gets berr≤ ϵ in:

O(n2 log(n/δ)/ϵ) time and O(log(n)/ϵ) matrix-vector products.

Weaker result than PSD case:
▶ k = O(log(n/δ)/ϵ) rather than O(1/

√
ϵ)

▶ Not truly universal convergence, because of log n factor.
▶ Gaussian perturbation requires dense matrix-vector products.

But comes pretty close!
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Some experiments on real data
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Summary
We can solve any n× n PSD linear system in O(n2/ϵ) time.

We can solve any n× n linear system in O(n2 log(n)/ϵ) time.

▶ Backward error converges universally for Ax = b, A ⪰ 0.
▶ k steps of Richardson iteration gives berr ≤ 1

k .
▶ k steps of MINBERR gives berr ≤ 1

k2 .
▶ For ϵ berr, MINBERR needs k ≲ 1√

ϵ
iterations.

▶ In single precision ϵ ≈ 2× 10−8, this is k ≈ 5000.
▶ MINBERR-NE: Extension to general n× n linear systems

Open problems:
▶ Is universal convergence possible for A ̸= AT ?
▶ MINBERR behavior in finite precision
▶ Preconditioned MINBERR: implementation, convergence theory?
▶ Least squares problems? f(A)b?
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