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Plan for my lectures

1. Now: CUR basics and computation
2. Later today: Subsampling based algorithms
3. Tomorrow: Stability of (randomized) NLA algorithms

1/60



Orthogonal vs. oblique projection for low-rank approx

Goal: Having chosen
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~ Range(A), find A ~
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Orthogonal vs. oblique projection for low-rank approx

Goal: Having chosen | (' |~ Range(A), find A ~| C M

Most (randomized) algorithms proceed as

1. Choose C' to approximate Range(A),
2. Find M by projection onto C, either orthogonal or oblique

(Review on projections:) P € R™ " is called a projection if P? = P

» P diagonalizable and all eigenvalues 1 or 0

» ||Pll2 > 1 and | P||2 = 1 iff P = PT; in this case P = QQ” for Q
st. QTQ = I,, and P called orthogonal projection, otherwise oblique

» [ — P also projector, and unless P =0or P =1, ||[I — Pl|2 = || P||2:

Schur form QPQ* = [[ B, Q(I — P)Q* = [8 _IB}; see [Szyld 2006]
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Orthogonal vs. oblique projection for A ~ CM
» Orthogonal projection: best in F-norm (and all unitarily invariant)

M = argmin,/||CM — A|r
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Orthogonal vs. oblique projection for A ~ CM
» Orthogonal projection: best in F-norm (and all unitarily invariant)
M = argmin,/||CM — A|r
» least-squares problem with many right-hand sides, soln
M =C'A=R'QTA, where C = QR
> so A~ CCTA = QQT A: same form as RandSVD (HMT)
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Orthogonal vs. oblique projection for A ~ CM
» Orthogonal projection: best in F-norm (and all unitarily invariant)

M = argmin,/||CM — A|r
» least-squares problem with many right-hand sides, soln
M =C'A=R'QTA, where C = QR
> so A~ CCTA = QQT A: same form as RandSVD (HMT)
» Oblique projection (sometimes better computationally): consider
sketch-and-solve

mj\}n C M - A — m]\/i[n SC M -1 SA

2

> soln M = (SC)T(SA)
> so A~ CO(SO)TS A: same form as gen. Nystrém, and CUR

3/60
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(Review) From RandSVD to generalized Nystrom

RandSVD (HMT) AQ = QR, A ~ QQT A takes C = AQ and orthogonal

projection, equivalent to
M = argmin || (AQ)M — Al p.

If we sketch-and-solve this:

min || | AQ M - A — min|| | SAQ
M M

2

We get M = (SAQ)T(SA), giving approximation

A~ (AQ)M = (AQ)(SAQ)T(SA), generalized Nystrom!
[Woolfe-Liberty-Rokhlin-Tygert 08, Clarkson-Woodruff 17,
Tropp-Yurtsever-Udell-Cevher 17, N. 20 etc]

SA
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Review: column-pivoted QR and LU with complete pivoting
(partial) column-pivoted QR: (P, P : permutation matrices)

AP Q R Ql Rl:'f‘,:
r n—r r n—r r n—r r r n-—r
—S N —
E H Rio H Rio
APiV: Arem | = | Q1| Q2 : ~ | @1
! 0 1 Ry
(partial) LU with complete pivoting
]314fD L U L:,l:r Ul:r,:

r o m—r r n—r r mn—r r r m—r
P A A A A
[A11] Ai2 L 0 H Uiz E SIRZE:
|A21) Schur Loa| I 0 ! Schur L1
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Orthogonal vs. oblique projection for low-rank approx

Orthogonal Oblique
Classical QR w/ column pivots LU complete pivots
C = AQ RandSVD Gen. Nyst
A~ QQTA A~ AX(YTAX)TYTA
C: columns | interpolative decomp. CUR
A~ CCTA A~ CUR

» Oblique can be obtained by 'sketch-and-solve' least-squares problem
in Orthogonal (if same C' used)
> Big advantages when sketch is subsampling: today’'s main theme
» Note when A > 0, Nystrom A ~ CUC" is recommended; this is
‘oblique’ (suggesting oblique is fundamental!?) but note also
CUCT = A(:, )A(I, 1) YA(I,:) = AV2 AY2(:, VA(L, T)" Y AY2(1,:) AY/?

orthogonal projection
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Review: Low-rank approximation via SVD

Given A € R™*™, find low-rank (rank r) approximation

A =lU|g]_vT

~—~—
TXT

SN T

» Optimal solution 4, = UXVT = Yoim1 a,;uiviT is truncated SVD,
giving [von Neumann 37, Horn-Johnson 85]
Or+1
|A— A= min |[A-DB|=
rank(B)=r o

» SVD costs O(mn?); m,n sometimes oo
» Low-rank matrices in: LoRA (neural networks), recommendation
systems (Netflix), smooth functions, structured matrices

[Beckermann-Townsend 17] 7/60



Low-rank approximation via CUR
[Goreinov-Tyrtyshnikov-Zamarashkin (97), Mahoney-Drineas (09)]

A ~ejlvle ]

|
b » w |

C = A(:,J) column subset, R = A(I,:) row subset,

» Like truncated SVD, but C, R restricted to column/row subset

» Error structure Pi(A — CUR)P, = [} ?]. Connections to Schur
complement/LU (GE with pivots), ACA, Nystrém, Cholesky,...

» Theory [Deshpande-Rademacher-Vempala-Wang 06, Cortinovis-Kressner 20 etc]

> I rank-r CUR s.t. |4 — CULR|r < 20r + DA — A, |p

» For any A € R™*", there exists I, J s.t. [Zamarashkin—Osinsky 18]

|[A=CUR||r < (r+ DA = Allp = (r + 1)/ X, 4107

» Near-optimal algorithms for computing I, J: deterministic [Osinsky 25],
ARP (randomized) [Cortinovis-Kressner 26] (3 Many other papers) 8/60



Low-rank approx example with A; ; = exp(—|z; — uj|*/2)
x;: 500 equispaced pts in [—5,5], p;: equispaced in [—2.5,2]

Columns of A a;(A) decay

0 02 04 06 08 1 1 2 3 4 5 6 7 8 9 10

Smooth functions are approximately low rank [Townsend-Trefethen 15]
(proof: Chebyshev interpolation (upcoming))
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Low-rank approx example with A; ; = exp(—|z; — uj|*/2)
x;: 500 equispaced pts in [—5,5], p;: equispaced in [—2.5,2]

Columns of A a;(A) decay

0 02 04 06 08 1 0 2 4 6 8 10 12 14 16 18 20

Smooth functions are approximately low rank [Townsend-Trefethen 15]
(proof: Chebyshev interpolation (upcoming))
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Low-rank approx example with A; ; = exp(—|z; — uj|*/2)
x;: 500 equispaced pts in [—5,5], p;: equispaced in [—2.5,2]

Columns of A a;(A) decay

0 02 04 06 08 1 0

Smooth functions are approximately low rank [Townsend-Trefethen 15]
(proof: Chebyshev interpolation (upcoming))
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Low-rank approx example with A; ; = exp(—|z; — uj|*/2)
x;: 500 equispaced pts in [—5,5], p;: equispaced in [—2.5,2]

:(4) decay

Columns of A

5

5 1016 L L L L L
0 02 04 06 08 1 0 20 25 20 35 40 a5 50

Smooth functions are approximately low rank [Townsend-Trefethen 15]
(proof: Chebyshev interpolation (upcoming))
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Low-rank approx example with A; ; = exp(—|z; — uj|*/2)
x;: 500 equispaced pts in [—5,5], p;: equispaced in [—2.5,2]

:(4) decay

Columns of A

wh e « truncated SVD
. ° CUR

.
o
Smooth functions are approximately low rank [Townsend-Trefethen 15]

(proof: Chebyshev interpolation (upcoming))
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Osinsky's alg and sketched variant Osinsky+

Idea: “greedy” sampling with deflation (a la pivoted QR)
A € R™™ and orthonormal V € R**" st. A~ AVVT

1. Draw a random matrix € Rs*m
2. A:= G (A—AVVT) (in Osinsky, A = A)
3. Fork=1tor
> = argf}:in IAL:n, D2/ VG, k)2 % greedy selection
P>k

> Ilc = [[e ]

» Swap columns k and j in A and in V
> Householder reflector v :=V(k:r k), v1 = v1 + V]2, v = v/||V|2
> Vik:r,:):=V(k:r,:) —2v0TV(k:r,:) % deflation
> A=A m[l(:, KWV (k)T
4. C = A(:,10)

Guarantees (up to constant with Osinsky+, in E with ARP)
IA—CClA|lp < [|A = AG NVE DTV p < (r+ DA - Al
Osinsky: O(mnr), Osinsky+: O(nr?) 10/60



CUR from CSSP [Cortinovis-Kressner 26], [Osinsky 25]

ARP and Osinsky require approx V € R™*" to row-space.

1.

Find approx V' to row-space (e.g. SVD or sketch 2A) and obtain
columns C' = A(:, J) using ARP or Osinsky

Use C' as approx column-space to find rows R = A(I,:)

Take U = A(I,J)~ L.
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CUR from CSSP [Cortinovis-Kressner 26], [Osinsky 25]

ARP and Osinsky require approx V € R™ " to row-space.
1. Find approx V' to row-space (e.g. SVD or sketch 2A) and obtain
columns C = A(:, J) using ARP or Osinsky
2. Use C as approx column-space to find rows R = A(1,:)
3. Take U = A(1,J)~L.

» Important to choose R based on C; choosing independently is
dangerous with cross approx U = A(I,J)~!

» Finds CUR acheiving fundamental theorem! With Osinsky,
deterministically

|A=CUR|[p < (r+1)[[A = Ar|r

and with ARP
E[|A— CUR|F] < (r+ 1)[|A — A3

Above assumes V' from SVD. With sketch, incur a modest factorn;



Proof of |A — CUR|r < (r + 1)||A — A,||r

Fact: given orthonormal V, one can find J s.t. (e.g. Osinsky)

|A—AG, DV DV p < Ve + 1A - VYT p.
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Proof of |A — CUR|r < (r + 1)||A — A,||r

Fact: given orthonormal V, one can find J s.t. (e.g. Osinsky)
1A= AG DV DV e < Vi 1A = VYV 5.

Proof (of title): based on [Cortinovis-Kressner 26]
Let S be subsampling s.t. SA = A(I,:), and C' = A(:,J) = QR. Then
A= AG DAL J) VAL ) = (I-AG, J)(SAG, ) 18)A = (1-Q(5Q)15)A

(recall Q(SQ)~1S is a projection). Then

IA— CURIE = (I - Q(SQ)™'S)Al%

<(r+ DI -QRNHA|% (by Fact with AT)
<(r+D|A—=ACIV(,)"TVT)Z (orth proj is optimal)
< (r+1)?)A - AVVTf3. (by Fact)

and [|[A — AVVT||p = ||A — A||p if V via SVD. 12/60



CUR experiments
A=UxVT, where
Incoherent: U,V Haar distributed (arbitrary I, .J suffices)
Coherent: U,V =+ E (\EU] ~ N(0,0%),0 = 107°): good I, J is crucial

Incoherent

Coherent random
—>— Osinsky
=0~ Osinsky+
ARP mean =+ std

]

random
= Osinsky
=0~ Osinsky+
—4—ARP mean =+ std

|4~ CUR|s

rank

» All methods reliable but random
» Coherent problems 'hard’ to find good I, J, but reward is enormous,
almost as accurate as truncated SVD! 13/60



Rank-adaptive, error-controlled CUR computation
Osinsky/ARP are spectacular, but
1. rank r needed in advance,
2. no error control a priori on ||A — CUR)||F,
3. needs approximant V € R™*" to leading subspace; hence requires at
least » mat-vecs with A (even with Osinsky+ or Cortinovis-Kressner)
Note: True for most methods, incl. RandSVD and GN.
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Rank-adaptive, error-controlled CUR computation
Osinsky/ARP are spectacular, but
1. rank r needed in advance,
2. no error control a priori on ||A — CUR)||F,
3. needs approximant V € R™*" to leading subspace; hence requires at
least » mat-vecs with A (even with Osinsky+ or Cortinovis-Kressner)
Note: True for most methods, incl. RandSVD and GN.

IterativeCUR addresses these by incorporating  [Pritchard-Park-N.-Martinsson
25]

» Adaptive rank determination+-error control ||[A — CUR||p < 7 for
user-prescribed 7

» Recycling small O(1) sketch to determine pivots.

» Useful practical tool: sketch-and-pivot: pivot with GA
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Error estimation via trace estimation

[Martinsson-Tropp Acta Numer. 2020, Martinsson-N. in prep.]
Estimate error ||A — CUR||F =: ||E||F via trace estimation (Monte Carlo):
4
1 1
T T T
B} = trace(ETE) ~ 5 3" o E" By = S| EGI

i=1

2

=-||A=CUR|c|| , G=lg,...,q]

F

gi; € R™: iid Gaussian N(0,1) or Rademacher [Hutchinson (90), Avron-Toledo
(11), Musco-Musco-Woodruff (21), Cortinovis-Kressner (22), Epperly-Tropp-Webber
(23) etc. [Gratton+Titley-P (18)] shows:

_ ltrace(ETE)

1 2 1 2 2
— < = < >1— — = >
PGIEI < JIEG|F < 2 E]7] 2 1-2exp(=CF), O = ETE], >

!

4

V simple and useful! For our purpose, £ = O(1) enough, say £ = 10
(Update: Kressner has argument £ = 2 enough!)
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IterativeCUR: outline

Initialize A:= A, [I| =]J]| =0

1. Find column indices Chow = A(:, Jnow) Via sketched pivot on

sketch GA with LUPP
Find row indices Inow via pivoting ﬁ(:, Jnow)
Set I := 1 U Inow, J := J U Jnow
Form C' = A(:,J), U = A(I,J)!, R= A(I,:)
Estimate |A — CUR||r =~ ||G(A — CUR)G||F, exit if small enough.
Return to step 1 with A:=A—CUR

oA wN
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IterativeCUR: outline

Initialize A:= A, [I| =]J]| =0

1. Find column indices Chow = A(:, Jnow) Via sketched pivot on

sketch GA = G(A — CUR) with LUPP
Find row indices Inow via pivoting ﬁ(:, Jnow)
Set I := 11U Inow, J := J U Jnow
Form C = A(:,J), U = A(I, )}, R= A(I,:)
Estimate |A — CUR||r =~ ||G(A — CUR)G||F, exit if small enough.
Return to step 1 with A:=A—CUR

oA wN

A

Q
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[terativeCUR: outline
Initialize A:= A, [I| =|J| =0

1.

oA wN

Find column indices Chow = A(:, Jnow) Via sketched pivot on
sketch GA = G(A — CUR) with LUPP

Find row indices Inow via pivoting ﬁ(:, Jnow)

Set I :=1UInow, J :=J U Jnow

Form C = A(:,J), U = A(I,J)!, R = A(1,:)

Estimate |A — CUR||r =~ ||G(A — CUR)G||F, exit if small enough.
Return to step 1 with A:=A—CUR

A
E—

| —
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[terativeCUR: outline
Initialize A:= A, [I| =|J| =0

1.

oA wN

Find column indices Chow = A(:, Jnow) Via sketched pivot on
sketch GA = G(A — CUR) with LUPP

Find row indices Inow via pivoting ﬁ(:, Jnow)

Set I :=1UInow, J :=J U Jnow

Form C = A(:,J), U = A(I,J)!, R = A(1,:)

Estimate |A — CUR||r =~ ||G(A — CUR)G||F, exit if small enough.
Return to step 1 with A:=A—CUR

Al |=lc|U R

——
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[terativeCUR: outline
Initialize A:= A, [I| =|J| =0

1.

oA wN

Find column indices Chow = A(:, Jnow) Via sketched pivot on
sketch GA = G(A — CUR) with LUPP

Find row indices Inow via pivoting ﬁ(:, Jnow)

Set I := I U Inow, J :=J UJnow

Form C = A(:,J), U = A(I,J)!, R = A(1,:)

Estimate |A — CUR||r =~ ||G(A — CUR)G||F, exit if small enough.
Return to step 1 with A:=A—CUR

rl:E]::]::]1
Al [=lc|U R

—
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lterativeCUR: outline

Initialize A := A, |I| = |J| =0

1. Find column indices Chow = A(:, Jnow) Vvia sketched pivot on

sketch GA = G(A — CUR) with LUPP: sketch of residual A — CUR
Find row indices Inow via pivoting ﬁ(:, Jnow)
Set I := I U Inow, J := J U Jnow
Form C = A(:,J), U = A(I,J)T, R= A(I,:)
Estimate ||[A — CUR||r = ||G(A — CUR)G||r, exit if small enough.
Return to step 1 with A := A — CUR

ook wN

Upshots:

» Only one small sketch[ ¢ | small sketch for big

approximation
» Updating GA cheap! Only need computing GCnow
» Comes with reliable error guarantee |A — CUR||r < 7 for

user-defined 7; 7 = O(u) allowed 16/60



lterativeCUR: Why does it work?

Pivoting on residual A — CU R with temporary C, U, R is like previous
work on adaptive sampling

> Pivot on A — CCTA to add (block) column indices with

probability~(column norm2) [Deshpande-Rademacher-Vempala-Wang 06]
» Randomly Pivoted Cholesky [Chen-Epperly-Tropp-Webber 22]

P contains extensive analysis
» when A > 0, only diagonal elements needed for Cholesky
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lterativeCUR: Why does it work?

Pivoting on residual A — CU R with temporary C, U, R is like previous
work on adaptive sampling

> Pivot on A — CCTA to add (block) column indices with

probability~(column norm2) [Deshpande-Rademacher-Vempala-Wang 06]
» Randomly Pivoted Cholesky [Chen-Epperly-Tropp-Webber 22]

P contains extensive analysis
» when A > 0, only diagonal elements needed for Cholesky

Difference in lterativeCUR:
» We sketch the residual G(A — CUR) to pivot, for efficiency
» Instead of pivoting on
A — CCtA (residual of miny ||[CM — A| ), we pivot on
A — CUR (residual of sketch-and-solve min,, [|S(CM — A)||F)

Theory of IterativeCUR (or pivoted LU) remains incomplete
17/60



Pivoting strategies
> Classic: QR (QRCP, RRQR, ... ), LU (LUPP, LUCP)

» Sketch and classic: QRCP or LUPP on G A or (GA)T [Martinsson-Voronin 16,
Duersch-Gu 17, Dong-Martinsson 23, Grigori-Xue 25, Armstrong-Damle 25 etc]

» Determinantal Point Process [Derezinski-Mahoney 20 etc]|, twice Ramanujan
sparsifier [Batson-Spielman-Srivastava 09], leverage score (later) etc

> “Optimal”: Osinsky (23), Cortinovis-Kressner (24)
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Pivoting strategies
> Classic: QR (QRCP, RRQR, ... ), LU (, LUCP)

» Sketch and classic: QRCP or LUPP on GA or (GA)T [Martinsson-Voronin 16,
Duersch-Gu 17, Dong-Martinsson 23, Grigori-Xue 25, Armstrong-Damle 25 etc]

» Determinantal Point Process [Derezinski-Mahoney 20 etc], twice Ramanujan
sparsifier [Batson-Spielman-Srivastava 09], leverage score (later) etc

> “Optimal”: Osinsky (23), Cortinovis-Kressner (24)

TL;DR: They all work really well in practice. [Dong-Martinsson 23]

10" 9
—e— SVD
§ —e— SVDSketch
] » —— QRCP
g 107°F —=—  LUPP ]
Zs —+—  Osinsky
wn
=]
€ 1070 \ |
[}
a
<4
w
10711 - I I -
2,000 4,000
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Pivoting strategies
> Classic: QR (QRCP, RRQR, ... ), LU (LUPP, LUCP)
» Sketch and classic: QRCP or LUPP on G A or (GA)T [Martinsson-Voronin 16,
Duersch-Gu 17, Dong-Martinsson 23, Grigori-Xue 25, Armstrong-Damle 25 etc]
» Determinantal Point Process [Derezinski-Mahoney 20 etc], twice Ramanujan
sparsifier [Batson-Spielman-Srivastava 09], leverage score (later) etc

> “Optimal”: Osinsky (23), Cortinovis-Kressner (24)

TL;DR: They all work really well in practice. [Dong-Martinsson 23]
So use fastest: sketched LUPP

» Compute sketch|  @a | LUPP on transpose to get C

In lterativeCUR we'll reuse same sketch G to find pivots for
G(A — CUR) as CUR improves

> Bad idea with RandSVD A = AQQT, as then G(A — AQQT) = 0!

> With CUR, not issue, works great in practice (rigorous theory lacking)

[Martinsson-Voronin 16, Duersch-Gu 17] 18/60



Experiments

C-67: n =57,795 Error
F ] F —o— SVDSketch [
[ ] © r sLUPP |1
— L ] = 107" F —=— IterativeCUR [3
< = F ]
c o L B — L 4
g 10 i = i 1
wn C ] = 107%F E|
~ F ] < E 3
[} E |
£ r 1 ‘ r 1
= 1= T ]
A I = 07k E
1 SR = =S £ 3
10 E i/ B [ ]
C | | | | e L L | L d
1,000 2,000 3,000 4,000 1,000 2,000 3,000 4,000

rank rank

» SVDsketch: MATLAB's built-in [Yu-Yu-Li 18]

» Roughly 'iterativeHMT' drawing new sketch each time
» Cannot handle accuracy < u'/? ~ 108

» s-LUPP: big sketch4+LUPP
P> to test effect of reusing small sketch G

» lterativeCUR-LUPP: this work
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Randsvd test matrix

Time (Seconds)

n = 50,000 RandSVD Error
2 — —
10% 3 ol ]
F o 1
= LN B
L B 4
[ N e =
S
=
L=
1 - =
10°E ] 107° 1 ; 8
L . i )Z
[|—— SVDSketch ] )Z/ —e— SVDSketch
[|—=— IterativeCUR W] ' —=— IterativeCUR
L T | L 10712 ke 1 I —
0% 10 10 10! 07 107° 0=° 107!
Input tolerance Input tolerance

» SVDSketch fails for tolerance 7 < 10~8
» Speedup with IterativeCUR esp. for sparse A

Rank

3,000 —

2,000 - \ -

1,000 -

—e— SVDSketch
—=— IterativeCUR

0 I L L
10713 107° 107° 107!
Input tolerance
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Why is CUR so great? Classical answers
Classically,
» (', R preserve A's properties, e.g.
P sparsity,
> nonnegativity (note U not nonnegative)

Hence CUR is more interpretable; useful e.g. in PCA [Mahoney-Drineas (09),
Embree-Sorensen (16)]

Here, we'll focus more on CUR’s computational advantages.
Much of remainder: illustrate power of CUR in scientific computing

21/60



Why is CUR so great? My answer

1. If (big if, but sometimes reasonable) I, J known, CUR without
seeing whole A

|
A |=lc|U R
[
L
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Why is CUR so great? My answer

1. If (big if, but sometimes reasonable) I, J known, CUR without
seeing whole A

|
A |=lc|U R
[
L

2. New column(/row) predicted by seeing only |I| < m entries

C|U R

)
Q
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CUR app 1:AdaCUR for evolving matrices [Park-N. SISC 25]

A(t): m x n matrices depending on parameter ¢ (or just many related
matrices), e.g. parameter-dependent PDE soln, time series

Idea: CUR indices I, J often need not change for wide range of ¢

Q

C(to) || Ulto) R(to)

= /2| Cn) || Utr) R(t1)

Cost: O(mnr) — O(r®)! (r: rank)

Error estimator to track error+correct as needed
23/60



Algorithms

AdaCUR
Input : Parameter-dependent matrix A(t) € R™*™, parameters t1, ..., tq, error tol. e.
Output : CUR factors C(t;), U(t;), R(t;) such that A(t) ~ C(t;)U(t;)TR(t;).
1. Compute initial set of indices for A(t1).
@ For j =2,3,...,q,

Compute rel. error for | Rel. Err. > ¢

Alt;) using prev. indices

Make minor modifi- | Rel. Emm. >

cations to the indices

Recompute in-
dices from scratch

FastAdaCUR
Input : Parameter-dependent matrix A(t) € R™*"™, parameters t1, ..., 1q, rank tol. €
Output : CUR factors C(t;),U(t;), R(t;) such that A(t) = C(t;)U(t;) R(t;).

1. Compute initial set of indices I, J and a small set of extra indices I, Js for A(t1).
& For j=2,3,...,q,

from I, Js and add
more indices to I, Js

A(TU I, J U J5)

e-rank incr.

e p— Add indices to I,.J ‘

e-rank decrs

[ Remove indices from I, J }

24/60



AdaCUR examples
i—1

A(i) = A+ X; € RPOO00XB000 0 ¢ (79,101}
j=1
where rank(A) = 500, § = 107'2, X;: sparse random sprandn(m,n, 10~°)

150 107

——AdaCUR

—<— FastAdaCUR
Rand. SVD

—=—Gen. Nystrém

—— Lubich+Oseledets

= o
/ e T
- & o
— z w0 ——AdaCUR
i el —<— FastAdaCUR
M. Rand. SVD
JUBRIRINE e o e 0 —=— Gen. Nystrom
Héa‘:aq: 4¢—ﬂ+4—d+4—44¢—d+4—4%\ —— Lubich+Oseledets
30 40 50 60 70 80 90 100 o 10 20 30 40 50 60 70 80 90 100
parameter t parameter ¢

» AdaCUR much faster after first step (precomputation)
» Compared with RandSVD, Dynamical low-rank approx.
[Lubich-Oseledets 14], generalized Nystrom [Kressner-Lam 23],



Remainder: Subsampling based computation

Recall 'what makes CUR great 2’

A

|
‘ ~

Q
Q
~

Using this, we'll discuss algorithms based on subsampling

» Does not look at the whole problem!

» Algorithm can be sublinear time

—
|

min A
x

E,

b

2

(
|

or A
|
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'Sidetracking': Polynomial interpolation /approximation
Goal: given continuous f : [—1,1] — R, evaluate/sample f at {x;}I", to
find f(z) = pn(z) = X1 cia® for x € [-1,1]
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Goal: given continuous f : [—1,1] — R, evaluate/sample f at {x;}I", to
find f(z) = pn(z) = X1 cia® for x € [-1,1]

Interpolation: find unique p, s.t. see [Trefethen ATAP book 2019]
f(zi) =pp(zy), i=0,...,n
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'Sidetracking': Polynomial interpolation /approximation

Goal: given continuous f : [—1,1] — R, evaluate/sample f at {x;}!" to
find f(z) = pn(z) = X0 e 2t for x € [-1,1]

Interpolation: find unique p, s.t. see [Trefethen ATAP book 2019]
flxi) =pulzy), 1=0,...,n

Can do via solving a linear system:

1 zo 23 ... af co f(xo)
1z ¢ ... 27| |a f(z1)
1z, x% Ty Cn f(zn)
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'Sidetracking': Polynomial interpolation /approximation
Goal: given continuous f : [—1,1] — R, evaluate/sample f at {x;}I", to
find f(z) = pp(z) = Xig ciz’ for x € [—1,1]
Interpolation: find unique p, s.t. see [Trefethen ATAP book 2019]
f(zi) =pp(zy), i=0,...,n

1.2

1t fze) =7
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'Sidetracking': Polynomial interpolation /approximation

Goal: given continuous f : [—1,1] — R, evaluate/sample f at {x;}I", to
find f(z) = pn(z) = X0 cia® for x € [—1,1]

Interpolation: find unique p, s.t. see [Trefethen ATAP book 2019]

f(wi):pn(wi); 2‘:0,...,71

1.2

fla.) =7

1
1
1
1n =10 equispaced

—_——T— =

1
1
1
|
\

-1 -0.5 0 0.5 1
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'Sidetracking': Polynomial interpolation /approximation

Goal: given continuous f : [—1,1] — R, evaluate/sample f at {x;}I", to
find f(z) = pn(z) = X0 cia® for x € [—1,1]

Interpolation: find unique p, s.t. see [Trefethen ATAP book 2019]

f(wi):pn(wi); 2‘:0,...,71

1.2

n =30 equispaced
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'Sidetracking': Polynomial interpolation /approximation

Goal: given continuous f : [—1,1] — R, evaluate/sample f at {x;}I", to
find f(z) = pn(z) = X0 cia® for x € [—1,1]

Interpolation: find unique p, s.t. see [Trefethen ATAP book 2019]
f(zi) =pp(zy), i=0,...,n

n =30 equispaced
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'Sidetracking': Polynomial interpolation /approximation

Goal: given continuous f : [—1,1] — R, evaluate/sample f at {x;}I", to
find f(z) = pn(z) = X0 cia® for x € [—1,1]

Interpolation: find unique p, s.t. see [Trefethen ATAP book 2019]

f(wi):pn(wi); 2‘:0,...,71

1.2

t n =30 Chebyshev pts
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'Sidetracking': Polynomial interpolation /approximation

Goal: given continuous f : [—1,1] — R, evaluate/sample f at {x;}I", to
find f(z) = pn(z) = X0 cia® for x € [—1,1]

Interpolation: find unique p, s.t. see [Trefethen ATAP book 2019]

f(wi):pn(wi); 2‘:0,...,71

1.2

o8t mn =30 Chebyshev pts
Flf = plleo =5e-05

-1 -0.5 0 0.5 1
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'Sidetracking': Polynomial interpolation /approximation

Goal: given continuous f : [—1,1] — R, evaluate/sample f at {x;}I", to
find f(z) = pn(z) = X0 cia® for x € [—1,1]

Interpolation: find unique p, s.t. see [Trefethen ATAP book 2019]

f(wi):pn(wi); 2‘:0,...,71

1.2

ost mn =50 Chebyshev pts
L If = pllo =8.6e-09

-1 -0.5 0 0.5 1
27/60



Lebesgue constant for Chebyshev and equispaced interpolation

[f = pPnllec < (A +1)-  min [[f —plle
pelln
~—_—

— 0 rapidly if f smooth

e i1 [ F(@)].

where A;, 1= sup; T
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Lebesgue constant for Chebyshev and equispaced interpolation

Hf _anoo < (An + 1) ’ min ”f _pHoo
pelln
~—_—

— 0 rapidly if f smooth

vel-1,1] [f(@)].

Proof: Hf_pn”oo < ”f_p*HOO +Hpn_p*HOO
—_——

[1£(pn=p)lloc SAnllpn—pslloc

where A;, 1= sup; ””
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Lebesgue constant for Chebyshev and equispaced interpolation

Hf _anoo < (An + 1) ’ min ”f _pHoo
pEll,

~—_—
— 0 rapidly if f smooth

where A,, 1= sup ¢ “” ||f||oo = MaXyc[—1,1) |f( )|
Proof: ||f — pnlleo < If = pelloo [P — Pslloo

[1£(pn=p)lloc SAnllpn—pslloc

» Equispaced points: A,

(2i+1)7 . A o~ 2

» Chebyshev points x; = cos 91, 0; = Snr D)

equispaced poin‘ts
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Please get used to two things

1. I'll plot functions vertically (rotated):

Instead of :W

2. I'll use Chebyshev polynomials:

Ty (cos ) = cos(k); Ty (x) = 2FaF + -
note: p(z) = S7_ éxx® then p(z) = 7 e Th(2)

, 'l use .
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Please get used to two things
1. I'll plot functions vertically (rotated):
Instead of W I'll use .
2. I'll use Chebyshev polynomials: R

Ty (cos ) = cos(k); Ty (x) = 2Fak 4 - -
note: p(z) = S.7_ éxx” then p(z) = 7 e Th(2)

Then polynomial interpolation is

o] co
n C1 0 Cc1
pu(@) =Y eTi(@) = [To(@) Ti@) ... Tu@||.|=. |
1=0 o : o
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Please
1.

2.

get used to two things

I'll plot functions vertically (rotated):

Instead of W I'll use -

I'll use Chebyshev polynomials:
Ty (cos ) = cos(k); Ty (x) = 2FaF + - -
note: p(z) = S.7_ éxx” then p(z) = 7 e Th(2)

To(@o) Ti(wo) ... Tulwo)] " [f(zo)
To(z1) Ti(z1) ... Ta(x1) f(z1)

e

|
s o

To(n) Ti(en) ... Ta(ea)

|
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Polynomial interpolation and CUR: What they have in common
We've covered

» Low-rank approximation via CUR,
» Polynomial interpolation.
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» Low-rank approximation via CUR,
» Polynomial interpolation.

Main message:
Polynomial interpolation is low-rank approximation
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Polynomial interpolation and CUR: What they have in common
We've covered

» Low-rank approximation via CUR,
» Polynomial interpolation.
Main message:

Polynomial interpolation is low-rank approximation

That is, for f; : [-1,1] = R,

b To(zo) Ti(zo) ... Tulzo) 1 f@o) fleo) oo o .l fool@o)
- To(x1) Ti(x1) ... Ta(ar) filzr)  falw) oo Joo(1)
fl7f27"'7foo ~ ‘ . . . . . . .
To(e) Tale) ... Tulew) hlan) o) o Foolan)
R
| S —
[—1,1]x00 C Tgn nxoo

[-1,1]xn
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Polynomlal Chebyshev) interpolation as CUR

(
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Polynomlal (Chebyshev) interpolation as CUR
[To(x), T1 (), ..., Tu(@)] =

To(zo) Ti(wo) ... Tu(wo)] To(zo) Ti(zo) ... Tn(zo)
, TO(Zl) Ti(z1) ... Tn(z1) To(z1) Ti(z1) ... Tn(z1)
o To('xn) Ti(ea) ... Talen) To(n) Ti(za) ... Ta(zn)
04 U R

C
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Polynomlal (Chebyshev) interpolation as CUR
;(; =
o2 To(wo) Tilzo) .. Tulzo)] ~ oo
. To(zl) Ti(z1) ... Ta(z1) L
e T T o Taen] o]
04 U 0.4 1
C
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Polynomial (Chebyshev) interpolation as CUR
f(z)

~ Yo cili(z)=

To(20)
To(zl)

Ty(en)

T (z0)
T1(z1)

Ti(en) ..

A Tn(xo) -
. Tn(-'tl)

Th (.xn )

31/60




Polynomlal Chebyshev) interpolation as CUR
oo Joo(@)] A [p1 (@), p2(), - -+ Poo ()]

./,U
o2]r To(zo) Ti(z0) - Tu(wo)] ' [fi(zo) falzo) ... ... feolzo)
I 7b(z1) Ti(z1) ... Ta(z1) fi(z1)  falzn) .o . foo(m)
C

To(acn) Tl(;n) . Tn(xn) h(%) fz(%) o foe(xn)

Do same for f = f1, fo, ..., foo;
CUR low-rank approx for “co x oo matrix”

f = py, via subsampling: only observing f at x;
31/60



Chebyshev interpolation pts vs. GEPP

1

08 ®
i ®
®
. ® ®
e Red: Chebyshev points
T Black circle: Gaussian elimination
" 4 with partial pivots
04 | 4
8- ®O®OD® ®
b3 &
» Chebyshev interpolation is pillar of NA
» Points chosen by NLA tools are almost as good! And generalizes to

other settings
32/60



Generalizing Chebyshev interpolation?

We've interpreted polynomial interpolation as low-rank approximation.
Now attempt to generalize! To approximate vectors x € RY

Key steps in interpolation:

1. Fix subspace (polynomials)
2. Find approximation in subspace by interpolation

33/60



Generalizing Chebyshev interpolation?
We've interpreted polynomial interpolation as low-rank approximation.
Now attempt to generalize! To approximate vectors x € RY
Key steps in interpolation:

1. Fix subspace (polynomials)
2. Find approximation in subspace by interpolation

Generalization:
» Function f ~ p polynomial vs. Signal x € RY ~ vector in
subspace X C RV
» Subspace: Polynomial vs. learned/snapshot (PCA/SVD)
» Algorithm: interpolating f at {x;}I" vs.
Subsample min. || X¢ — x||2

Results in DEIM (discrete empirical interpolation method)
[Chaturantabut-Sorensen 2010] 33/60



Continuous vs. Discrete interpolation

Aspect Continuous Discrete
object feCl-1,1]
subspace Polynomials

approximation | f(z) ~ p(z) = > i ¢;T;(x)

p(x) = c

interpolation | f(x;) = p(x;)
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Continuous vs. Discrete interpolation

Aspect Continuous Discrete
object feC[-1,1] x € RN
subspace Polynomials

approximation | f(z) ~ p(z) = > i ¢;T;(x)

p(x) = c

interpolation | f(x;) = p(x;)

34/60



Continuous vs. Discrete interpolation

Aspect Continuous Discrete
object feC[-1,1] x € RN
subspace Polynomials Subspace X ¢ RV, e.g. PCA

approximation | f(z) ~ p(z) = > i ¢;T;(x)

p(x) = c

interpolation | f(x;) = p(x;)
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Continuous vs. Discrete interpolation

Aspect Continuous Discrete
object feC[-1,1] x € RN
subspace Polynomials Subspace X ¢ RV, e.g. PCA
approximation | f(z) ~p(z) =Y cTi(z) | x =% = Xc
p(x) = c x=|X

interpolation | f(x;) = p(x;)
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Continuous vs. Discrete interpolation

Aspect Continuous Discrete
object feC[-1,1] x € RN
subspace Polynomials Subspace X ¢ RV, e.g. PCA
approximation | f(z) ~p(z) =Y cTi(z) | x =% = Xc
p(x) = . c X=| X

interpolation | f(x;) = p(x;) Xc = x at r coordinates

(or min, || Xc — x||2)

34/60



Subspace X via snapshot+PCA

We'll take | X | = [x1,...,X¢|: snapshot, or representative signals

(think x; signal at time ¢; then expect Xpe = Xc¢).

e snapshots
O new point

o @)
X
7xnew ~XE Span(X)

o
-
[NV}
o
w
o
'S
o
(28
>
[=2]
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Subspace X via snapshot+PCA

We'll take | X | = [x1,...,X¢|: snapshot, or representative signals

(think x; signal at time ¢; then expect Xpe = Xc¢).

» PCA: find most active directions via SVD

14
X:ZUiuiviT’ Xe[ulyu%"'aur]
=1

» Under smoothness/analyticity assumptions,
[Kressner-Tobler 11, Cohen-DeVore 16]

min | X ¢ — Xpewll2 = O(exp(—Cr))
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Approximation in subspace via subsampling

Given snapshot X, approximate new signal x = Xc via least squares

min X E_X
Cc
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Approximation in subspace via subsampling

Given snapshot X, approximate new signal x = Xc via least squares

min
C

We'll solve via subsampling: S =

min

|- |x

2

010000
0001 --00
0000 - 10

[]

[]

c|—|x —  min SXE—SX
[] ¢ 2
L] llo
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DEIM: Approximation in subspace via subsampling=CUR

[Chaturantabut-Sorensen 2010]

]
]
min XB—X — min SX—
c Ej ¢ 9
P

» Only » < N evaluations Sx needed to get x =~ X¢&, speedup O(%)
aka active learning, gappy POD etc [Everson-Sirovich 95, Willcox 06]
» Variants wrt choice of S: Q-DEIM [Drmac-Gugercin 16], use of
[Gu-Eisenstat 96] etc
» Applications: PDEs, recommendation systems,...

> DEIM is CUR: For new signals Xnew := [X¢11, - - -, Xet7),
|
\

Xnew ~ X | SXneW
\
J
. ¢ U R 37/00

Nxr X7 rxT



DEIM lllustration f(x 1)

DEIM: Reconstructlng a new vector from 3 Samples

Space (x)

exp((w

— 11)°/2)

X = [x1,%2,...,%¢] and Xpew X =USVT, uy,uy,...,u, min, ||S(Xc —x)||, x = Xc
T T T r T T
[ .
¢
.
Error of x: 1.258
- - Best error in X: 1.223
10° [ i )
10710 .',
o1 T
0 10 20 30 40
I | | | | | | | | | | | |
02 04 06 08 1 02 0 0.2 0.4 0.6 0 02 04 06 08 1
Magnitude Basis Modes Magnitude
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DEIM lllustration f(x 1)

Space (x)

exp((w

— 11)*/2)

DEIM: Reconstructlng a new vector from 4 Samples

X = [x1,%2,...,%¢] and Xpew X =USVT, uy,uy,...,u, min, ||S(Xc —x)||, x = Xc
T T T r T T
.
[ .
.
.
Error of x: 0.7593
- Best error in X: 0.3671
10° o [ )
10710 .',
015 T
0 10 20 30 40
I | | | | | | | | | | | | |
02 04 06 08 1 02 0 02 04 06 08 02 04 06 08 1
Magnitude Basis Modes Magnitude
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DEIM lllustration f(x 1) = exp((x —

Space (x)

()*/2)

DEIM: Reconstructlng a new vector from 5 Samples

X = [x1,%2,...,%¢] and Xpew X =USVT, uy,uy,...,u, min, ||S(Xc —x)||, x = Xc
T T T r T T
.
7 [ .
.
.
! < Error of x: 0.4045
g S 3 Best error in X: 0.2406
ool 0y(X) decay
10° o ) [ | )
10—10 .'. i L | i
0—15 °
10 20 30 40
| . . | . . . . . . . . . .
02 04 06 08 1 02 0 02 04 06 08 1 0 02 04 06 08 1
Magnitude Basis Modes Magnitude
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DEIM lllustration f(x w) = exp((z — p)?/2)

DEIM: Reconstructlng a new vector from 6 Samples

X = [x1,%2,...,%¢] and Xpew X =USVT, uy,uy,...,u, min, ||S(Xc —x)||, x = Xc
5 T T T T r T T
Y Y
7 [ . .
. .
g
@ . s
2 4 L
<4
3
a
. 4
4 p L Error of x: 0.03782
-2 4 F I Best error in X: 0.02805
10° % 0i(X) decay
sf s - 4 L | 4
-10 .,
4 w0 E L - 4
o5
10 20 30 40
5 I | | | | | | | | |
0 02 04 06 08 1 0 0.5 1 0 02 04 06 08 1
Magnitude Basis Modes Magnitude
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DEIM lllustration f(x,u) = exp((x —

Space (x)

p)?/2)

DEIM: Reconstructing a new vector from 10 Samples

X = [x1,%s,.., %] and Xuew
T T T T T

New vector
Subsample pts

100 % 0i(X) decay

X =USVT, uy,uy,...

7u7

min ||[S(Xc—x)||, x =X

[

]

lew vector
DEIM Approx
Subsam|

Error of x: 0.0007579

Best error in X: 0.0004868

g pts |

10 . ) [ | )
1010 0
1018
0 10 20 30 40
| I I | I I I I I I
0.2 0.4 0.6 0.8 1 0.5 1 15 2 0 0.2 0.4 0.6 0.8 1
Magnitude Basis Modes Magnitude
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DEIM lllustration f(z, 1) = exp((z — p)?/2)
DEIM: Reconstructing a new vector from 20 Samples
., %¢) and X X =USVT, uy,uy,...,u, min, ||S(Xc —x)||, x = Xc

X = [x1,%,..
T T

©—
0

Space (x)

1 Error of x: 3.5e-11
4
7 r ® Best error in X: 1.615e-1H
100 0i(X) decay
?
i i ¢ 1
1010 il L L 4
1018
10 20 30 40
5 L | | | | | | | | |
0 02 04 06 08 1 0 2 3 0 02 04 06 08 1

Magnitude Basis Modes Magnitude
38/60



DEIM lllustration f(z, 1) = exp((z — p)?/2)
DEIM: Reconstructing a new vector from 30 Samples
., %¢) and X X =USVT, uy,uy,...,u, min, ||S(Xc —x)||, x = Xc

X = [x1,%,..
T

I
P S e S

g "
2 o
4 : 4
g 13
& ¢4
of
4 ) 4
q Error of x: 5.37e-15
o
q e Best error in X: 3.814e-15{
o0 0i(X) decay by
10 B [Pt )
1010
1018
0 10 20 30 40
, I i ; | i | | | | |
0 02 04 06 08 1 0 2 4 6 0 02 04 06 08 1
Magnitude Basis Modes Magnitude
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lllustration PCA+subsampling w/ f(z, 1) = exp(—|x — ul)

DEIM: Reconstructing a new vector from 5 Samples

Space (x)

X =

X1y X2y 000y
T

x¢] and Xpew
: :

X =USVT, uy,uy,...,u,

min, ||S(Xc —x)||, x = Xc

Error of x: 1.21

4 - H Best error in X: 0.873
0 10 20 30 40
| I I | I I I I I I I I I I
0 0.2 0.4 0.6 0.8 1 02 0 02 04 06 08 1 0 0.2 0.4 0.6 0.8 1
Magnitude Basis Modes Magnitude
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lllustration PCA+subsampling w/ f(z, 1) = exp(—|x — ul)

Space (x)

DEIM: Reconstructing a new vector from 10 Samples
X =USVT, uy,uy,...

X = [x1,%s,.., %] and Xuew
T T T T T

New vector
Subsample pts

100 % 0i(X) decay

10° .

10 20 30 40
I I I

7u7

min ||[S(Xc—x)||, x =X

[

lew vector
DEIM Approx
Subsam)

Error of x: 0.601

Best error in X: 0.3978

g pts |

I
0.2 0.4 0.6 0.8 1
Magnitude

1 15
Basis Modes

I
0.4 0.6
Magnitude

0.8
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lllustration PCA+subsampling w/ f(z, 1) = exp(—|x — ul)
DEIM: Reconstructing a new vector from 20 Samples
x¢| and Xpew X =USVT, uy,uy,...,u, min, ||S(Xc —x)||, x = Xc

X = [x1,%9,...,
T T

Space (x)
o

Error of x: 0.3432

Best error in X: 0.19 4
0i(X) decay

10
10
4 0 | L ]
1018
10 20 30 40
5 | I I | I I I I I I
0 0.2 0.4 0.6 0.8 1 0 2 3 0 0.2 0.4 0.6 0.8 1

Magnitude Basis Modes Magnitude
39/60



lllustration PCA+subsampling w/ f(z, 1) = exp(—|x — ul)

DEIM: Reconstructing a new vector from 30 Samples

X = [x1,%,..
T

., %¢) and X X =USVT, uy,uy,...,u, min, ||S(Xc —x)||, x = Xc
5 | ) j : |

I
P S e S

g "
& 1 i
o
1f 4 4 B
q Error of x: 0.2271
| o
-2 o rfee Best error in X: 0.1476
o0 0i(X) decay by
10 B [Pt )
10
4L 10 | L ]
10
0 10 20 30 40
, I i ; | i | | | | |
0 02 04 06 08 1 0 2 4 6 0 02 04 06 08 1
Magnitude Basis Modes Magnitude
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Where do tall-skinny problems come from?

We'll spend some time discussing

mgn A a—

» Naturally arises in DEIM, as we've seen
> Also when linear system Mx = b is solved for M € R™ ", but a

subspace method is used. x € Span(X) &z =| X |,

min, cghan(x) |[Mx — b2 = min, cghan(x) |MXc— b2
e.g. X: Krylov subspace, snapshot (coming)

» Massively oversampled problems (e.g. for denoising)

40/60



Sketch-and-solve for tall-skinny least-squares problems

For A: Nxr, N>r
A2
2

With sketch S € R¥*" (s > r) oblivious subspace embedding,
(1= )flAv = bllz < [[S(Av = b)[2 < (1 + €)[|Av — b][2,

min|| | A ﬂf = min
T

2

for some € (not small, e.g. € = l) Hence the sketched solution & satisfies
I+e
|AZ = b2 < illAT* = bll2-

» if ||[Az, — b2 is small, & is a great solution! (x,: exact soln)

41/60



Residual bounds for sketched least squares

Let A€ RV*" b e RN with N > r, x,,2: soln for min, ||Az — b||> and
ming ||S(Ax — b)|2, where S € R**N with s > 7. Then

» b-oblivious bound, holds for all b

1AZ = blla _ _[[S]2
|Azs —bll2 — Urnin(SQ)’

where A = QR is the thin QR.
PROOF: Kressner's lecture day 1. (or next slide).
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Residual bounds for sketched least squares

Let A€ RV*" b e RN with N > r, x,,2: soln for min, ||Az — b||> and
S(Az — b)||2, where S € RN with s > r. Then

» b-oblivious bound, holds for all b

ming

1AZ = blla _ _[[S]2
|Azs —bll2 — Urnin(SQ)’

where A = QR is the thin QR.
PROOF: Kressner's lecture day 1. (or next slide).

» bH-dependent bound

|AZ — b2 ~
BT T < ko(S
| Aze bl =259

where QR = [A b] € R™*("+1),

Usually better than oblivious, but b often unknown «2/60



Lemma on sketched (block) least squares proof
Write B = QQTB + (I - QQT)B =: By + By. As X = ATB = R-1QTB,

[AX—=Blls = |QR(R™'Q" B)—=B1—Ball2 = |QQ" B—B1—Bs||2 = || Bal2-
The solution of min g |S(AX — B)||ris

X = (SA)(SB) = (SA)'S(B1 + B2) = (SQR)'S(QQT B + By)
=R 1(SQ)(SQQ"B+ R(SQ)'SBy = R7'Q"B+ R (SQ)'SB..

Therefore

AX =QR(R'Q"B + R™(SQ)'SB;) = QQTB + Q(SQ)'SBs = By + Q(SQ)'SBs,

|AX — B|lr = |Q(SQ)ISB; — Bs|r = [(Q(SQ)'S — I Baol|r < [|Q(SQ)'S — I|2]| B2||

=|Q(SQ)"S||2|| Bzl ¢ as Q(SQ)S is an (oblique) projection
= 1(SQ)'S 12l Ball < [[(SQ) ll2lIS |2 ]| Bzl
1512

|AX — BJ|F.

- Umin(SQ)
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Proof of b-dependent bound
Let [A,b] = QR. Note S[A,b] = (SQ)R, ||S[A,b]v|2 = [|[(SQ)Rv]|2, and
by Courant-Fischer 0,,(SQ)||Rv|l2 < [|(SQ)Rvl2 < 01(SQ)||Rv||2.

1Az — bll2 = [[[A, 0] m l2i let v = m and use || Rul|z = [|[4, bJo])»:
1S (A& — bl = [|SIA, Blollz > 0 (SQ)[[ A% — bllo. (1)

Similarly, by taking v = [x*l} we obtain

[S(Az. = b)ll2 = [IS[A, blv[la < 01(SQ) | Azs — b]f2- )

|AG —blly < —[IS(AZ—b)s  (by (1))

on(SQ)

< mnsmx* —b)|l2  (by optimality of & for min, ||S(Az — b)||2)
01(5Q)

< o lAn =t (v (2)

= r2(SQ) [ Azs — bl|2.
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Leverage scores: Definition and properties

Leverage score sampling is one (but not only) way to do sketched least
squares by subsampling in the b-oblivious case.

Definition: Let A = QR. Then 7;(A) = ||l@l|®> (g;: ith row of Q)

Properties:
1. Bounds: 0 < 7;(A) < 1.
2. Total Leverage (Rank sum): Y, 7;(A) = rank(A) = r.
3. Invariance: 7;(AB) = 7;(A) for any full-rank B € R"*".
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Subspace embedding via Leverage score sampling

Sampling Strategy:
» Define row sampling probabilities: p; = TisnA) fori e {1,...,N}.
» Sample k indices s1,...,ss € {1,..., N} i.i.d. according to {p;}.

» Construct sample-and-rescale matrix S € R**" where row j has a

. 1 . )
single non-zero entry T at index s;.

Theorem (Subspace Embedding Guarantee): Fix £,0 > 0. If
k=0 (M), then with probability at least 1 — §:

2
(1— o)l Az3 < |SAz|3 < (1 +¢)[[Az|] Vo e R

s 1
Proof by e.g. matrix Chernoff [Tropp 12]; note (SQ)"SQ = Zj:1 quj qz;
5

equal norm

With orthonormal @ € RV*", equivalent to [|QTSTSQ — I||2 < e. 46750



Subsampled least squares (aka active learning) via leverage score

SA E—

Relative Error Approximation: If s = ) (d log(d/d) + %), then with
probability > 1 — ¢: [Clarkson-Woodruff 17, R. Meyer's blog]

min A lz|—

2

|AZ — bll2 < (1 4 €) min ||Az — bl|2
zER4

(Randomized) leverage score subsampling achieves excellent b-oblivious
residual bound with good probability.
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Rand vs. deterministic, probabilistic vs. worst-case

|AZ — b|l2 < (1 4 €) min ||Az — bl|2 (3)
z€R4
Holds with good (not V high) probability. What is the worst case wrt b? It
is back to A% — b g
40— bl _ ISl2_ "
”ALU* - bH2 Gmill(SQ)
Problem:

» 1/0min(SQ) usually depends on N, like N (when Q Haar)

> N large, possibly N = oo in function (quasimatrix) regression

» This is UNAVOIDABLE: 3b s.t. (4) sharp.
Deterministic+worst-case+ N — co = worst-case bound — oc!

48/60



Rand vs. deterministic, probabilistic vs. worst-case

|AZ — b|l2 < (1 4 €) min ||Az — bl|2 (3)
xER4
Holds with good (not V high) probability. What is the worst case wrt b? It
is back to A% — b g
40— bl _ ISl2_ "
”AI* - bH2 GIHiII(SQ)
Problem:

» 1/0min(SQ) usually depends on N, like N (when Q Haar)

> N large, possibly N = oo in function (quasimatrix) regression

» This is UNAVOIDABLE: 3b s.t. (4) sharp.
Deterministic+worst-case+ N — co = worst-case bound — oc!

» Randomized algorithms allow us to get (3) by avoiding pathological
example with good probability. [Shimizu-Cheng-Musco-Weare 24 etc]
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'Summary’ so far

T Pol Gl int lati Model order reduction
SVD A=UXV olynomial interpolation (DEIM)

’ [
11.A

[
| ||

Q

Cl||U R

Having reinvented two wheels, we'll next do something new the insight!
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CUR app 3: Parameter-dependent linear systems

Increasingly important4+common: solving many related linear systems.

NxN Nx1 Nx1

where p € Q C R? is a parameter, or just many related A;z; = b;.
Goal: solve (5) for many values of p
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CUR app 3: Parameter-dependent linear systems

Increasingly important4+common: solving many related linear systems.

NxN Nx1 Nx1

where p € Q C R? is a parameter, or just many related A;z; = b;.
Goal: solve (5) for many values of p

Arise in
» PDEs (e.g. time-dependent or parameter-dependent)
> Model order reduction
» Hyper-parameter tuning (kernel ridge regression etc)
» Nonlinear eigenvalue problems
> Newton's method, modified Laplacian system, etc.
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CUR app 3: Parameter-dependent linear systems

Increasingly important4+common: solving many related linear systems.

NxN Nx1 Nx1

where p € Q C R? is a parameter, or just many related A;z; = b;.
Goal: solve (5) for many values of p

Our algorithm, SubApSnap (in online phase) [Jones-N arXiv 25]:

» Has sublinear complexity O(N).
» Needs to look only at O(1) rows of A(p) and b(p).
P Achieves orders of magnitude speedup in experiments.
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Snapshot/PCA: finding solution in subspace

Snapshot/PCA Choose snapshot points py,...,p,, and solve
A(pi)x(p;) = b(p;), i =1,...,7. Then Snapshot is

X | = [z(pr), - 2(pr)]-
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Snapshot/PCA: finding solution in subspace

Snapshot/PCA Choose snapshot points py,...,p,, and solve
A(pi)x(p;) = b(p;), i =1,...,7. Then Snapshot is

X | = [z(pr), - 2(pr)]-

Idea: find soln in span(X) for new A(p.)x = b(px)

T T
e snapshot p;
O new point p, #(p.) € Span(X)

«(p1) B opa) =tp) ops) 0o

1 1 1 1 1 1 1 1 1 1 1
-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1
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Snapshot/PCA: finding solution in subspace

Snapshot/PCA Choose snapshot points py,...,p,, and solve
A(pi)x(p;) = b(p;), i =1,...,7. Then Snapshot is

X | = [z(pr), - 2(pr)]-

Idea: find soln in span(X) for new A(p.)x = b(px)

e snapshot p;
O new point p, Z(p ) € Span(X)

z(p1) J‘fpz) 1‘?123) IrIM z(l’ Jpﬁ)

1 1 1 1 1 1 1 1 1 1 1
-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1

In PCA, take # > r points and dominant subspace via SVD:

X=UxvT = Zazulv + Z iU z , and X « [uq,...,u].

i=r+1 51/60



SubApSnap: Subsampling+Snapshot
ApSnap: with B = A(p)X, where X is snapshot, solve and set x = Xe¢:

min B ]—
Cc

[Markovinovic-Jansen 06, Guido-Kressner-Ricci 24]

2
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SubApSnap: Subsampling+Snapshot
ApSnap: with B = A(p)X, where X is snapshot, solve and set x = Xe¢:

min B E—
Cc

[Markovinovic-Jansen 06, Guido-Kressner-Ricci 24]

2

SubApSnap:
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SubApSnap: Subsampling+Snapshot
ApSnap: with B = A(p)X, where X is snapshot, solve and set x = Xe¢:

min B ]—
Cc

[Markovinovic-Jansen 06, Guido-Kressner-Ricci 24]

2

0100 --00
SubApSnap: Subsample S = 0 0 U : 0 0
000010
min | | B [e|-[o]| —» min SBE— .
2
2

and set x = X¢.
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SubApSnap: Subsampling+Snapshot
ApSnap: with B = A(p)X, where X is snapshot, solve and set x = Xe¢:

min B ]—
C

[Markovinovic-Jansen 06, Guido-Kressner-Ricci 24]

2 0100 00
SubApSnap: Subsample 5= """ """
0000 - 10
mcin B ]— — méin SBE— .
2
2
and set z = X¢. Important: we'll use the same S for all p,.

Also recall subsampled least squaresCCUR 260



SubApSnap: Etymology

min

SB E—

where

SB = S A(p) X

Subsample
sxX N

Ap Snapshot
NxN NXxr
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SubApSnap: Etymology

min

SBE—

where

|
|

5B - Alp) | |«
|

SubAp Snapshot
NxN NXxr
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SubApSnap: Etymology

min

SBE—

where

|
|

55 = Alp) | |«
|

SubAp Snapshot
NxN NXxr

Important: SA(p) is row-submatrix of A(p); only need to see s = O(r)
rows for SubApSnap solution! Same for Sb(p)
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DEIM=SubSnap vs SubApSnap

[Chaturantabut-Sorensen 2010]

DEIM: nonlinear y(p«) =~ Xc¢,| X | snapshot

mine [ Xe—y(ps)lla -, mine[|S(Xe —y(p.))l2
(Snap) (SubSnap=DEIM)
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DEIM=SubSnap vs SubApSnap

[Chaturantabut-Sorensen 2010]

DEIM: nonlinear y(p«) =~ Xc¢,| X | snapshot

mine [ Xe—y(ps)lla -, mine[|S(Xe —y(p.))l2
(Snap) (SubSnap=DEIM)

mine [|A(p<)Xe = b(p)l2 -, mine [S(A(p)Xe — b(ps))ll2
(ApSnap) (SubApSnap) '

DEIM=SubSnap, 'special case’ of SubApSnap where A(p) =
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Complexity
Assume A(p) is N x N dense, r snapshot points. Cost for ¢ values of p:

‘ Complexity
Full O(N3¢)
ApSnap O(N3r + N%¢r)
SubApSnap | O(N3r + Ntr?)
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Complexity
Assume A(p) is N x N dense, r snapshot points. Cost for ¢ values of p:

‘ Complexity
Full O(N3¢)
ApSnap O(N3r + N%¢r)
SubApSnap | O(N3r + Ntr?)

For each new value of p,

‘ Complexity
Full O(N?)
ApSnap O(N?r)
SubApSnap | O(N7r?)

SubApSnap can be even faster: e.g. O(r3) when A(p) sparse

55/60



Subsampling strategies and estimating residual
LUPP, CPQR, leverage scores, Osinsky 2023, DPP,
ARP [Cortinovis-Kressner 2024], ... , applied to A(p;)X (blue: randomized)

» LU and QR: deterministic, classical NLA tools. Often V good.
P Leverage scores need to oversample s > 7, but usually has smaller
residual and residual can be estimated.

residual

——Random
---- ARP
—LU

QR
——Leverage
- — ApSnap

w0 p N

1012
10° 10" 10° 10% 10* 10° 10°

Imag(p)
Note residual= 0 at snapshot points
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Subsampling strategies and estimating residual
LUPP, CPQR, leverage scores, Osinsky 2023, DPP,
ARP [Cortinovis-Kressner 2024], ... , applied to A(p;)X (blue: randomized)

» LU and QR: deterministic, classical NLA tools. Often V good.
P Leverage scores need to oversample s > 7, but usually has smaller
residual and residual can be estimated.

@
L
©
£
K 9 10
E
2 10° g
<4 4 ——Random °
i S 10°
10® i " TTARP 3
PO —_— ‘B
A LUR & — Leverage
0N A Q 1010 _
R P —— Leverage i — — Leverage estimate
( — — ApSnap ‘confidence interval'
1042 1012
10° 10! 10 10° 10 10° 10° 10° 10 10? 10° 10* 10° 10°
Imag(p) Imag(p)

Note residual= 0 at snapshot points



PDE Example: variable-coefficient heat equation

V- (k(x,p)Vu(x,p)) = f(x), xe€Q=[0,12 k(x,p) = P12

p=1 p=3 p=8

4500 allp | new p,

4000 ,/' Snap 200.0
. i SubApSnap | 379.8 | 0.0898
Az::: f'zy assembly SA | 77.8 0.0778

d ApSnap 63239 | 6.034
assembly A 5757 5.757
matvec AX | 187.8 | 0.1878

g 2000

1500

1000

500

SubApSnap

backslash 14402 14.40

0 . -8
50 100 150 200 250 300 max error: 5 x 10
#parameters
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MOR example H(p) = cT(pl — Ag — €™ A;)7'b, Ag, A, : tridiag, n = 107

problem from [Beattie-Gugercin 09]

Transfer
3
= 0005
0 L L L
10° 10 10? 10° 10
PR e Brvor |1 — 11|
10 l——ApSnap ! ! R !
_ ® Snapshot
z
g 100
z
10715 0 1 2 3 4
10 10 10 10 10
Imag(p)
| time(s) | error max, |H(p) — H(p)| | max, ||A(p)z(p) — bll2/|b]l2
Full 9806.9
Snap 47.3
ApSnap 14386.1 2.6e-12 4.8e-06
SubApSnap-LU 0.302 1.6e-07 1.88e-05
SubApSnap-Lev 0.469 3.6e-11 5.8e-06

> 20,000x speedup with minimal loss of accuracy! 58/60



Example: Kernel Ridge Regression parameter tuning
Given data y; = sin(3t;) exp(—t2) + €, € ~ N(0,0.12), KRR finds
y =~ f(t) via
(K + M)z = Ytrain,

where K;; = k(t;, t;) = exp(—@), for hyperparameters (A, 0): need
tuning! Do by 30 x 30 grid search + cross validation
— 900 linear systems. SubApSnap!

Kernel Ridge Regression (L=1.9e+00, 5=0.51)

10*
----Full
10° [=—Snap [T
—*—SubApSnap new p
& 10°
2
= 10t
0 y
10 P
"
D
10t
g 10* 102
1 -08 06 -04 02 0 02 04 06 08 1 snapshot size r
=
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Summary of lectures 1+2

» Orthogonal vs. oblique projection
» CUR: only 7 4+ 1 times worse than truncated SVD, often much better
» Subsampled (tall-skinny) least-squares problem

Model order reduction

— T ial i i
SVD A=UXV ‘ ‘ Polynomial interpolation (DEIM)

A ~o|vERT

|
b = o |

CUR allows for computation with subsampling

Applications include
» Function approximation (2D, complicated domains, high-dim)
» DEIM, PDEs, statistics (see Irina Haas's poster)

» (Randomized) NLA (e.g. parameter-dependent problems), add yours! 60/60
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