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What to do with multi-way data

Exploratory analysis of matrix data starts with the SVD, or PCA.

But many datasets have more than two modes:

» if an image is 2D, a video is 3D
» a single social network is 2D; several modalities makes it 3D or higher

» a parametrized PDE has one mode per parameter
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What to do with multi-way data

Exploratory analysis of matrix data starts with the SVD, or PCA.

But many datasets have more than two modes:

» if an image is 2D, a video is 3D
» a single social network is 2D; several modalities makes it 3D or higher

» a parametrized PDE has one mode per parameter

Three options:

» extract or average into a matrix — losing information
» reshape/unfold into a matrix — losing relationships between modes

» keep the multi-way structure and use tensor methods
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Warmup: the matrix SVD, and the four things we want from it

The SVD of an M x N matrix A:

N
A=UzVT = ZO’,’U,’V,-T and the truncated SVD, a rank-R approximation,
=1l R
A~ Ag = URZRVE =D ojuiv]
=il
We are going to meet three tensor generalizations. Rather than list them, let us score each one
on what the SVD gives us for free:

unique / interpretable factors
solves the approximation problem
compresses (storage linear in dimensions)

AN AR

stable, predictable algorithms

No tensor format scores four out of four. Which boxes you need decides which format you use — that is the
real content of the next forty minutes.
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Notation



Basic tensor notation

Vector Matrix 3rd-Order Tensor 5%-Order Tensor
N= N=2 N=3 N=5
X X x
4t-Order Tensor
N=4
X X

An Nth_order tensor has N modes

Notation convention: vector v, matrix M, tensor J
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Fibers and slices

Mode-1 Fibers Mode-2 Fibers Mode-3 Fibers (a) Horizontal slices: X; (b) Lateral slices: X.;. (c) Frontal slices: X. (or Xj)

fibers: fix all indices but one slices: fix one index

A tensor can be partitioned into the fibers, or the slices, of each mode.
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Modal unfoldings / matricizations

1357
X =

- 2 46 8]

1l 3 [t 256

X = 6 s | *@=|3 47 g

4 1 2 3 4]

X<3>__5 6 7 8

A tensor can be reshaped into matrices, called unfoldings or matricizations

For modal unfoldings, fibers form columns and slices form rows

This is the bridge to everything you already know — but note the shape: X, is
Inx (h - lh—1lh1 -+ In), catastrophically wide.
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Tensor times matrix (TTM)

Notation: Y =X x; U » TTM is mode specific

» the input matrix multiplies all fibers
in that mode

72 U
= » unfolded, it is just matrix
Yy multiplication
» multiple TTMs compose, in any order
Y U F=Gx;UxV xzW

This one operation is most of what we do all

lecture. Remember it.
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CcP



CP: think of the SVD as a sum of outer products

Matrix:
. % ‘ + +...+
‘. 4 4
zl T+ JFooodk

Canonical Polyadic, a.k.a. CANDECOMP /PARAFAC.

Tensor:
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CP notation

X~ajobjoci+---+a,ob,oc, X € RmMxnxp
X ~[A,B, (], A e R™" B e R™" CeRPXr
are factor matrices
r
X,jk%zambjecke, 1<i<m1<j<nl<k<p
=1
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The CP optimization problem
4. 4L 4
i

For fixed rank r, we want to solve

r
min Z)Cfg agobpocy
A,B,C po

which is a nonlinear, nonconvex optimization problem

» in the matrix case, the SVD hands us the optimal solution

» in the tensor case, there is no such thing — no HOSVD-style shortcut, and the best rank-r
approximation may not even exist
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Alternating least squares — and the first structured matrix

Fix all but one factor matrix and the problem becomes linear least squares:

X—Zégobgoaz

=1

min
B

10/49



Alternating least squares — and the first structured matrix

Fix all but one factor matrix and the problem becomes linear least squares:

X—Zégobgoaz

=1

min
B

To see why, matricize:
min|| X — B (C © A F
B H (2) ‘,,X,’( ) H

nxXmp rxXmp

where @ is the Khatri-Rao product, a column-wise Kronecker product:
CohA=laga & ol
Note what just happened. The coefficient matrix is mp x r — enormous — but it is stored as two
small factors. We will never form it.
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The least squares subproblem, and where the time goes

The subproblem

min|| Xz — B C@A U
| X~ B_(COA) |Ir
nxmp X rxmp
has normal equations
CoAT(CoA)- BT =(Xpz (CoA)T
( )X( )\W, (Xe) ( : )
rxr nxXmp mpXxr

» (CoOA)T(COA)is cheap: it equals [y TA, an r X r elementwise product — structure
paying off immediately

» X(z)(C ® A) is the Matricized-Tensor Times Khatri-Rao Product (MTTKRP), and it touches
every entry of X

MTTKRP is bottleneck number one. O(/r) per mode per iteration.
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CP-ALS

Repeat

1. Solve (BTB * CTC)AT = (X(1)(C@ B))T for A
2. Solve (ATAxCTC)BT = (X@)(C@A))T for B
3. Solve (ATA+B'B)C" = (X(3(B®A))T for C
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CP-ALS

Repeat

1. Solve (BTB * CTC)AT = (X(1)(C@ B))T for A
2. Solve (ATAxCTC)BT = (X@)(C@A))T for B
3. Solve (ATA+B'B)C" = (X(3(B®A))T for C

Other details

» initialization can be random, or more intelligent
» handling the scaling ambiguity within rank-one components

» overlapping computations across the three steps
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CP-ALS

Repeat
1. Solve (BTB * CTC)AT = (X(1)(C@ B))T for A
2. Solve (ATAxCTC)BT = (X@)(CoA))T for B
3. Solve (ATA+B'B)C" = (X(3(B®A))T for C
Other details

» initialization can be random, or more intelligent
» handling the scaling ambiguity within rank-one components

» overlapping computations across the three steps

Simple loop; the entire cost is three MTTKRPs per iteration.
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Addition in CP format

Let X = [A,B,C] have rank r and Y = [[A éf]] have rank 7. The sum of two sums of rank-one
terms is again a sum of rank-one terms, so we simply concatenate the factor matrices column-wise:

X+Y= [HA A] , [B é] , [C CH] , factors now | x (r+F), etc.
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Addition in CP format

Let X = [A,B,C] have rank r and Y = [[A éf]] have rank 7. The sum of two sums of rank-one
terms is again a sum of rank-one terms, so we simply concatenate the factor matrices column-wise:

X+Y= [HA A] , [B é] , [C CH] , factors now | x (r+F), etc.

» zero flops — the operation is a copy; storage is the sum of the two storages
» scalar multiples are just as cheap: aX = [aA, B, C], absorb « into any one factor

» the rank of the result is at most r + 7, and generically equal to it
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Addition in CP format

Let X = [A,B,C] have rank r and Y = [[A éf]] have rank 7. The sum of two sums of rank-one
terms is again a sum of rank-one terms, so we simply concatenate the factor matrices column-wise:

X+Y= [HA A] , [B é] , [C CH] , factors now | x (r+F), etc.

» zero flops — the operation is a copy; storage is the sum of the two storages
» scalar multiples are just as cheap: aX = [aA, B, C], absorb « into any one factor

» the rank of the result is at most r + 7, and generically equal to it

The catch: k additions give rank O(kr), and CP has no cheap rounding — truncating back to rank r
means solving another nonconvex problem with CP-ALS, at O(/3r) per mode per iteration, with no
guarantee of a good answer.
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Inner products in CP format

Everything follows from one fact about rank-one tensors:

(aoboc, 3obod) = (a"a)(b"b)(c'¢)
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Inner products in CP format

Everything follows from one fact about rank-one tensors:
(aoboc, 3obod) = (a"a)(b"b)(c'¢)

Expanding bilinearly over all r# pairs of terms,

(X,Y) = Z Zr:(alag,)(b%@,)(c}eg,) i [(ATA) x (BTB) * (CTC)] 1

£=1 ¢'=1

» O((I + J + K)rF): three thin Gram products, then an r x 7 elementwise product — the tensors

are never formed

» the same * identity behind the ALS normal equations: (C®B)T(C®B)=CTC+BTB
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Inner products in CP format

Everything follows from one fact about rank-one tensors:
(aoboc, 3obod) = (a"a)(b"b)(c'¢)

Expanding bilinearly over all r# pairs of terms,

(X,Y) = Z Zr:(alag,)(b%@,)(c}eg,) i [(ATA) x (BTB) * (CTC)] 1

£=1 ¢'=1

» O((I + J + K)rF): three thin Gram products, then an r x 7 elementwise product — the tensors

are never formed

» the same * identity behind the ALS normal equations: (C®B)T(C®B)=CTC+BTB

Two consequences, letting ALS monitor its fit with no residual tensor:

1X]> =1T(ATAxB"BxCTC)1, X —Y|* = [|X|]* — 2(X,Y) + |[Y|?
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Scorecard: CP

R
X~ g Uj oV; ow;
i=1

unique / interpretable factors

solves the approximation problem
compresses (storage linear in dimensions)
stable, predictable algorithms

x { %X <

» CP is almost always unique — so you can interpret the components. This is the property the
SVD does not give you for tensors of order > 3, and it is CP’s whole reason to exist

» but there is no exact solve: you cannot reliably hit a prescribed e
» storage is linear in the dimensions: (/ +J+ K)R

» algorithms are iterative and not predictable — run from several starting points and hope
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Tucker



Tucker: think of the SVD as identifying subspaces

~
~

Matrix:

Tensor:

One subspace per mode, plus a small core that couples them.
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Tucker notation

~ i
~

X~Gx1UxsVx3W XGR’XJXK,SERPXQXR

is the core tensor

X ~[GU,V,W], UeR*P Ve R>Q W e RK*R

are factor matrices
P Q

R
Xijk = E E E :gpqr“ip‘/qukr

p=1g=1r=1

Note: this is exactly a chain of TTMs. Everything we do to it will be TTMs.
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r optimization problem, and why it is easier

For fixed ranks P, Q, R:
min || — G x1 U X2V x3W||
U, V,W

AV

— again nonlinear and nonconvex. But matricize it:

I’J‘Ii/nw || X(l) — U G(]_)(W ®V)T HF
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r optimization problem, and why it is easier

For fixed ranks P, Q, R:
min || — G x1 U X2V x3W||
5,U,V,wW
— again nonlinear and nonconvex. But matricize it:

min | X@) =Y Gay(Wa V)" ||r
, NS LAl
Ixgk IxP Px JK

If we ignore the structure imposed on the P x JK factor and simply ask for the best rank-P
approximation of X(;), we would take U to be its leading left singular vectors.

That turns out to be good enough — and it decouples the modes completely.

Also note the Kronecker product W ® V appearing on its own. Remember it too.
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Truncated higher-order SVD (T-HOSVD)

1. Compute U = leading P left singular vectors of Xy
2. Compute V = leading Q left singular vectors of X(3)
3. Compute W = leading R left singular vectors of X(3)
4. G=X x3 UT xo VT xz3WT

Quasi-optimality: the T-HOSVD error is within a factor of /N of optimal for the given ranks.
No iteration, no local minima, and a computable error bound.

Sequentially truncated variant (ST-HOSVD): truncate the tensor after each factor matrix
is computed — cheaper, and equally accurate.
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Truncated higher-order SVD (T-HOSVD)

1. Compute U = leading P left singular vectors of Xy
2. Compute V = leading Q left singular vectors of X(3)
3. Compute W = leading R left singular vectors of X(3)
4. G=X x3 UT xo VT xz3WT

Quasi-optimality: the T-HOSVD error is within a factor of /N of optimal for the given ranks.
No iteration, no local minima, and a computable error bound.

Sequentially truncated variant (ST-HOSVD): truncate the tensor after each factor matrix
is computed — cheaper, and equally accurate.

Bottleneck number two: those SVDs are of / x /N1 unfoldings.
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Addition in Tucker format

Let X =[G;U,V,W] and Y = [[Q U,\~/,V~V]]. Concatenate the factors and stack the cores

block-diagonally: :x+‘d=|”9 g];[u 0], v V], [w Wﬂ]

The new core is (P+P) x (Q+Q) x (R+R): § in the leading block, G in the trailing one, zeros
elsewhere — keeping the two sets of subspaces from mixing.
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Addition in Tucker format

Let X =[G;U,V,W] and Y = [[Q U,\~/,V~V]]. Concatenate the factors and stack the cores

block-diagonally:
s 1 a1 kv o -
X+Y= ﬂ[ 9][u 0f,[v v |w W]ﬂ
The new core is (P+P) x (Q+Q) x (R+R): § in the leading block, G in the trailing one, zeros
elsewhere — keeping the two sets of subspaces from mixing.

» again zero flops: ranks add in every mode, so the core multiplies — 2V times bigger for two
order-N tensors, mostly zeros

» so, unlike CP, a sum cannot be left unrounded for long
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Addition in Tucker format

Let X =[G;U,V,W] and Y = [[Q U,\~/,V~V]]. Concatenate the factors and stack the cores

block-diagonally: :x+‘d=|”9 g];[u 0].[v 9] |w W}ﬂ

The new core is (P+P) x (Q+Q) x (R+R): § in the leading block, G in the trailing one, zeros
elsewhere — keeping the two sets of subspaces from mixing.

» again zero flops: ranks add in every mode, so the core multiplies — 2V times bigger for two
order-N tensors, mostly zeros
» so, unlike CP, a sum cannot be left unrounded for long
But rounding is cheap here, and touches nothing of size I":
1. [U 0} = QR; and likewise per mode — thin QR, O(/(P+P)?)

2. apply the triangular factors to the core, § x1 Ry X2 R2 X3 R3 — TTMs on a small tensor
3. ST-HOSVD that small core and fold the result back into Q1,Q,, Qs
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Inner products in Tucker format

Vectorize: vec(X) = (W ® V ® U) vec(G), then use the mixed-product rule

WoVeU)" WeVel)=WW)e V'V)e UT0)
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Inner products in Tucker format

Vectorize: vec(X) = (W ® V ® U) vec(G), then use the mixed-product rule
WoVeU)" WeVel)=WW)e V'V)e UT0)

which, back in tensor notation, says: push all six factor matrices onto one small core

(X,Y) = (G, § x1 (UTT) x2 (VTV) x3 (WTW))
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Inner products in Tucker format

Vectorize: vec(X) = (W ® V ® U) vec(G), then use the mixed-product rule
WoVeU)" WeVel)=WW)e V'V)e UT0)

which, back in tensor notation, says: push all six factor matrices onto one small core

(X,Y) = (G, § x1 (UTT) x2 (VTV) x3 (WTW))

» three Gram products between the factor matrices: O(IPP + JQQ + KRR)
» a chain of TTMs on the small core, O(PQRP + PQRQ + PQRR), then a dot product

» the mode sizes /, J, K enter only linearly, through those Gram products
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Inner products in Tucker format

Vectorize: vec(X) = (W ® V ® U) vec(G), then use the mixed-product rule
WoVeU)" WeVel)=WW)e V'V)e UT0)

which, back in tensor notation, says: push all six factor matrices onto one small core

(X,Y) = (G, § x1 (UTT) x2 (VTV) x3 (WTW))

» three Gram products between the factor matrices: O(IPP + JQQ + KRR)
» a chain of TTMs on the small core, O(PQRP + PQRQ + PQRR), then a dot product

» the mode sizes /, J, K enter only linearly, through those Gram products

With orthonormal factors — as T-HOSVD always leaves them — UTU = | and this collapses to
|X|| = ||G||: the norm of a Tucker tensor is the norm of its core.
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Scorecard: Tucker

f)C%leUx2V><3W

unique / interpretable factors

solves the approximation problem
compresses (storage linear in dimensions)
stable, predictable algorithms

CLLx

» Tucker is not unique — the factors are subspaces, and you cannot interpret individual columns
» but it solves the approximation problem quasi-optimally, and you can hit a prescribed ¢

» compression is real but not linear in the order: the core is Ry - - - Ry, so storage still grows

exponentially in N

» algorithms are direct, stable and predictable — running time depends only on the dimensions

That third point is the catch, and it is why we need a third format.
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Tensor Train




Tensor Train (TT) notation

R1 R R> Rs R3 Ra Ra

Ry

Is
[/
h k2 I s

:X:Q‘/{Tx k} XERIIX’ZX’3XI‘XI~" jxneRRn—anan
Il b ’
are TT cores

Ry Ra Rs Ra

Xikim D D> > Txali, )T x 2(a, ), B)Tx,3(8, ks V)T x,a(7, 1, 8)T x 5(8, m)

a=1p=1~=1§=1

Storage (l + - -+ + Iy)R?: linear in the order. The format for the cookies problem. 23/49



Tensor Train (TT) notation

R1 R R> Rs R3 Ra Ra

-
Ia

I
L i 412 I

Ry

Is

:X:Q‘/{Tx k} XERIIX’ZX’3XI‘X15 jxneRRn—anan
bl ) )
are TT cores

Ry Ra Rs Ra

Xikim D D> > Txali, )T x 2(a, ), B)Tx,3(8, ks V)T x,a(7, 1, 8)T x 5(8, m)

a=1 p3=1~v=1 =1

Storage (l + - -+ + Iy)R?: linear in the order. The format for the cookies problem. 23/49



Tensor network diagrams

Tucker Tensor Train

Vertices are tensors, edges are modes, degree is dimension, connected edges are contractions

Tucker has one high-degree vertex (the core, RV entries); TT has a chain of degree-3 vertices
(NIR?).
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Intuition for TT ranks

Tucker: the nth Tucker rank approximates the numerical rank of the nth modal unfolding

Xy s I X (b Ih—tlng1 - Iv)

Tensor Train: the nth TT rank approximates the numerical rank of the unfolding that maps the first n
modes to rows

Xawy 05 (B ) X (hya -+ In)

» so TT asks about a sequence of splits of the mode list, not about each mode against all the others

» the full-format tensor would be far too big to store, so X(1.5) is only ever available implicitly,
through the cores

» truncating the ranks of a tensor already in TT format is called TT rounding (Oseledets 2011)
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Vertical an izontal unfoldings of TT cores

Rnfl

Rno_1 i

In| gy o

H(“T?C,n) € RRn—1xIhRn

horizontal unfolding

]RRn—l XIn X Ry
g,Z7C,n € R,-,

V(Tx,n) € RFo-1hxFn

vertical unfolding

isa TT core
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Example algorithm: TT rounding

function {J'% ,} = TT-RouNDING({T x,n})
> Orthogonalization Phase
for n = N down to 2 do

[Yn, Ry = QR('H(TX‘,,)T) > (tall-skinny) QR factorization
V(T x,n-1) = V(Tx,n-1) RT > Apply R to previous core
> Truncation Phase
Z=X
forn=1to N — 1 do
[Yn,Ra] = QR(V(T 2,n)) > (tall-skinny) QR factorization
[0k, %,V] =~ TSVD(R,) > Truncated SVD of R

V(T zn) = ArpPLy-Q(Ys, Ug)
H(Tzni1)" = ArPLy-Q(Yora, VE)

Both core unfoldings are column major, so BLAS/LAPACK apply directly.

Bottleneck number three: that orthogonalization sweep, O(N/R?), dominates.
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Addition in TT format

Each entry of a TT tensor is a product of matrices, one per mode. To add two of them, make those
matrices block-diagonal, so the two chains run side by side without interacting:

Tan(iyiny ) = Tox,n(cyin, 1) ' c R(Rn,1+ﬁn,1)x(Rn+Rn)’ len<NN
j"d¢"(:7 In, :)
closing the chain at both ends so the two products are summed, not kept apart:
. . . . T i
Tz1(h,:) = [7x,1(11~, D) Tya(h, )] ; Tan(:,in) = 5l .N)
j"é«,N(:?’N)
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Addition in TT format

Each entry of a TT tensor is a product of matrices, one per mode. To add two of them, make those
matrices block-diagonal, so the two chains run side by side without interacting:

T2n(syiny ) = REXCLID ) e RF—1tRo—)xRotRe) 9y
’ 3’37"(:7 In, :)
closing the chain at both ends so the two products are summed, not kept apart:
. . . . T i
Tza(in,:) = [TX,1(117 ) Tya(h, )] ; Tan(s,iv) = 2 .N)
Ty in)

» multiplying out the block-diagonal chain gives xi,...j, + ¥iy...iy, as required

» zero flops, pure data movement — but every internal rank adds: R, + R,
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Addition in TT format

Each entry of a TT tensor is a product of matrices, one per mode. To add two of them, make those
matrices block-diagonal, so the two chains run side by side without interacting:

T 2 U 2 5
Tn(cy fny2) = xnis iy ) € RFr—atRo—0)x(Rethn) = 9 <

3’3,"(:7 in, :)

closing the chain at both ends so the two products are summed, not kept apart:

72:-,1(/.1’ :) = [Txyl(l'l, :) 7\371(1'1, ):| s ‘.Tz,y/\/(:, i/\/) = 3,9 N(: I'N)

:Txy/\/(i7 IN):|

» multiplying out the block-diagonal chain gives xi,...j, + ¥iy...iy, as required

» zero flops, pure data movement — but every internal rank adds: R, + R,

This is why TT rounding is the workhorse kernel. Sums are everywhere — time stepping, Krylov
methods, residuals — and each doubles the ranks. Rounding is the inner loop.
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Inner products in TT format

Contract the two trains together one mode at a time, carrying a small R, x I%n matrix M, from left to
right:

In
Mo = 17 M, = Z‘Ix,n(:ﬂ.m:)-r Mp_1 TH,n(:7in7:)7 <x‘1d> =My

in=1
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Inner products in TT format

Contract the two trains together one mode at a time, carrying a small R, x I%n matrix M, from left to

right:
<x7 y> = MN

In
My => Txn(yins )T Ma1 Ty n(:, i, ),

in=1

Mo =1,
Each step is two dense matrix products on reshaped cores:

1. My_1-V(Ty,,) costs O(Ro—1Rn—11nR,)
2. contract the result against Tx ,, costing O(Ry—1/R:R,)

for a total of O(NIRR(R + R)) — linear in the order and in the mode sizes, and BLAS-3 throughout.
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<x7 y> = MN

In
My => Txn(yins )T Ma1 Ty n(:, i, ),

in=1

Mo =1,
Each step is two dense matrix products on reshaped cores:

1. My_1-V(Ty,,) costs O(Ro—1Rn—11nR,)
2. contract the result against Tx ,, costing O(Ry—1/R:R,)

for a total of O(NIRR(R + R)) — linear in the order and in the mode sizes, and BLAS-3 throughout

Never form the block-diagonal sum and then contract: that would square the ranks. Sweep instead
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Inner products in TT format

Contract the two trains together one mode at a time, carrying a small R, x I%n matrix M, from left to

right:
<x7 y> = MN

In
My => Txn(yins )T Ma1 Ty n(:, i, ),

in=1

Mo =1,
Each step is two dense matrix products on reshaped cores:

1. My_1-V(Ty,,) costs O(Ro—1Rn—11nR,)
2. contract the result against Tx ,, costing O(Ry—1/R:R,)

for a total of O(NIRR(R + R)) — linear in the order and in the mode sizes, and BLAS-3 throughout.
Never form the block-diagonal sum and then contract: that would square the ranks. Sweep instead.

Norms: orthogonalize the cores first (the sweep of QRs from the TT rounding algorithm); then all but

one core cancels and ||X|| is the Frobenius norm of the single remaining core.
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Scorecard: Tensor Train

Xijidm = Toe,1 (1, )T 2(5 4, )T 3(5 ks ) Tx,a(ss 1, 1) T 52, m)

unique / interpretable factors
solves the approximation problem
compresses (storage linear in dimensions)

<X

stable, predictable algorithms

» TT is not unique — you cannot interpret the cores
» quasi-optimal for given ranks, and you can hit a prescribed ¢

» storage is linear in the order: (l +---+ IN)R2 — this is the box Tucker could not tick, and the
reason TT can handle an 11-way tensor

» stable, predictable algorithms
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Scorecard: all four, together

unique optimal compresses stable

SVD v v v v
CP v X v X
Tucker X v v v
TT X v v v

» want to interpret the factors? CP is the only option, and you pay for it in stability
» want a guaranteed error at a given cost? Tucker or TT
» order 3 or 4, and want the modes treated symmetrically? Tucker

» order 10 or more? TT, because it is the only one whose storage does not blow up with the order

No format wins. Pick the column you cannot do without.
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Three formats, three bottlenecks — and one shape

format  algorithm bottleneck cost

CcP ALS MTTKRP / the LLS solve O(I"r) per mode, per iteration
Tucker  ST-HOSVD  SVD of the modal unfoldings ~ O(/N*1)

TT rounding orthogonalization sweep O(NIR3)
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Three formats, three bottlenecks — and one shape

format  algorithm bottleneck cost

CcP ALS MTTKRP / the LLS solve O(I"r) per mode, per iteration
Tucker  ST-HOSVD  SVD of the modal unfoldings ~ O(/N*1)

TT rounding orthogonalization sweep O(NIR3)

Every one of them has the same shape:

a huge, implicitly defined matrix, and we only want its range,
or a least-squares solution against it

» CP: the coefficient matrix is a Khatri-Rao product, /N7 x r

» Tucker: the unfolding X, is / x "1

» TT: the unfolding X(1.n) exists only through the cores

That is precisely the situation randomization was invented for. After the break: why the obvious way

to randomize does not work, and what does.
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Break

10 minutes



Randomization, and why it
needs structure




Randomized rank-k decomposition

Randomized range finder (Halko, Martinsson & Tropp 2011). To find an approximate basis for the
range of A € R™*":
Y=AQ,  QecR"™ random,  Q=orth(Y)

with £ = r+ a small oversampling parameter. Then A ~ QQTA.
Work out how you apply it to A= XZ"T and A= X1 Z/ + XoZJ .
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Why we cannot just use a Gaussian

Take an N-way tensor with all modes /. The mode-n unfolding is I x /"= so a dense Q is /N~ x /.

And that is the optimistic reading. In the cases
tensor  dense Q

N ey we actually care about:

A B » the tensor is never stored in full anyway —
/=100, N=3, /=20 10 2 x 10

1=100, N=4, /=20 108 2 x 107

/=100, N=5, ¢=20 10 2x10°
/=100, N=8, /=20 106 2 x 105 » so the random matrix would be orders of

it lives in TT or Tucker form, and is far
smaller than IV

magnitude larger than the data it is

The sketch is a constant fraction of the tensor — at compressing

every order. )
» and forming AQ would cost more than the

deterministic algorithm we set out to replace
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Why we cannot just use a Gaussian

Take an N-way tensor with all modes /. The mode-n unfolding is I x /"= so a dense Q is /N~ x /.

And that is the optimistic reading. In the cases
tensor  dense Q

N ey we actually care about:

A B » the tensor is never stored in full anyway —
/=100, N=3, /=20 10 2 x 10

1=100, N=4, /=20 108 2 x 107

/=100, N=5, ¢=20 10 2x10°
/=100, N=8, /=20 106 2 x 105 » so the random matrix would be orders of

it lives in TT or Tucker form, and is far
smaller than IV

magnitude larger than the data it is

The sketch is a constant fraction of the tensor — at compressing

every order. )
» and forming AQ would cost more than the

deterministic algorithm we set out to replace

We need an € that is never formed and never stored — only applied in a way exploiting
the structure the data already has.

Three ways to do that, one per format. 34/49



Where rounding actually comes from

Discretize the parameter-dependent PDE in space and in all p parameters at once

@ 9 and the linear system inherits the tensor structure:

p
(Ao®|®~-®|+—§:A;®I®~-® D; ®~-®0\@qu):f®1®-~®1
i=1

with D; = diag(pgl)7 .. A,pgl)), | samples per parameter: a rank-(p+1) operator, a
rank-one right-hand side, and an unknown U of order N = p+1 that is never

formed.

mode j+1

the cookies problem
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Where rounding actually comes from

Discretize the parameter-dependent PDE in space and in all p parameters at once
and the linear system inherits the tensor structure:

P
(Ao®|®---®| + Y Ale-® D ®---®|)vec(u):f®1®---®1

i=1 mode j+1

with D; = diag(pgl)7 .. A,pgl)), | samples per parameter: a rank-(p+1) operator, a

rank-one right-hand side, and an unknown U of order N = p+1 that is never

formed.

the cookies problem
Solve it with low-rank GMRES (TT-GMRES, Dolgov 2013): every Krylov vector is a low-rank tensor,
and every step inflates the ranks:

» the matvec W = AV; multiplies the ranks by p+1

» Arnoldi orthogonalization W <= W — 3=, h;V; is a sum of j+1 low-rank tensors — ranks add;
so is the update X = >, vk Vi
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Where rounding actually comes from

Discretize the parameter-dependent PDE in space and in all p parameters at once
and the linear system inherits the tensor structure:

P
(Ao®|®---®| + Y Ale-® D ®---®|)vec(u):f®1®---®1

i=1 mode j+1

with D; = diag(pﬁl)7 .. A,pgl)), | samples per parameter: a rank-(p+1) operator, a

rank-one right-hand side, and an unknown U of order N = p+1 that is never

formed.

the cookies problem
Solve it with low-rank GMRES (TT-GMRES, Dolgov 2013): every Krylov vector is a low-rank tensor,
and every step inflates the ranks:

» the matvec W = AV; multiplies the ranks by p+1

» Arnoldi orthogonalization W <= W — 3=, h;V; is a sum of j+1 low-rank tensors — ranks add;
so is the update X = >, vk Vi

Additions were free; this is where the bill arrives. Each must be truncated back before the next step —

and the kernel is always the same: round a sum of low-rank tensors. 35/49



Family 1: tensor-train




Family 1: random matrices whose columns are tensor trains

For TT rounding we must sketch X(1.n), which is (/- 1;) X (Jo41- -+ In) and exists only
implicitly. So give € the same structure the data has: build it from its own cores
{T0.nt1,---,To.n}, each of rank k.

(= R(In+l“'lN)Xk

. 2
» stored in O(Zj lik ) | | ‘
» each column of Q is itself a P p - |
tensor in TT format — & @

Q

the data X (top) and the random Q (bottom), as one network
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y this is cheap: the sketch is a contraction

X(1:m$2 is not a matrix product we evaluate. It is a partial contraction of two tensor networks — read
the picture from the right:

» contract Tx n with T n over mode Iy: a small Ry—1 X k matrix
» absorb it into Ty ny_1, contract again, and sweep leftwards

» total cost O(NIR?k) — linear in everything, and the unfolding is never formed
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Why this is cheap: the sketch is a contraction

X(1:m$2 is not a matrix product we evaluate. It is a partial contraction of two tensor networks — read
the picture from the right:

» contract Tx n with T n over mode Iy: a small Ry—1 X k matrix
» absorb it into Ty ny_1, contract again, and sweep leftwards

» total cost O(NIR?k) — linear in everything, and the unfolding is never formed

And the partial contractions are reused. The sweep that produces the sketch for mode n also produces
the sketches for every other mode along the way: sketch once, sweep once. 37/49



Randomized TT rounding

TT rounding is bottlenecked by the orthogonalization sweep.

Matrix idea: randomized SVD (Halko, Martinsson & Tropp 2011)

» randomized range finder with an overestimated rank

» deterministic SVD on the projection to get the estimated rank
Tensor idea: TT-Rounding-RandOrth (Al Daas, Ballard, Saibaba et al. 2023)

» apply the randomized SVD to the tensor unfoldings
» use T T-structured random matrices, so each sketch is a contraction

» then deterministically round the TT with overestimated ranks, as in RandSVD

Replaces the O(NIR?) orthogonalization with O(NIR?k) contractions.
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Randomized TT rounding

TT rounding is bottlenecked by the orthogonalization sweep.
Matrix idea: randomized SVD (Halko, Martinsson & Tropp 2011)

» randomized range finder with an overestimated rank

» deterministic SVD on the projection to get the estimated rank
Tensor idea: TT-Rounding-RandOrth (Al Daas, Ballard, Saibaba et al. 2023)

» apply the randomized SVD to the tensor unfoldings
» use T T-structured random matrices, so each sketch is a contraction

» then deterministically round the TT with overestimated ranks, as in RandSVD

Replaces the O(NIR?) orthogonalization with O(NIR?k) contractions.

Same caveat as the Kronecker case, and more so: the entries of a TT-structured Q are dependent, and
the embedding constants degrade with both the sketch rank k and the order N. Oversample; the error

is checkable afterwards.
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The cookies problem

Solve the cookies problem with 4 cookies, on a tensor of dimension 1781 xnxnxnxn, with

TT-GMRES (Dolgov 2013).

» a Krylov method in which every vector is a TT tensor

» full tensors are never explicitly formed

» the bottleneck is rounding the TT tensors after each operation

FT
10° E
s
1071 g E g
> 100 |- S
>
€ 10%E 1 2
s El < /
= s 1 & /
s 10 El _2 /
b=l E < L / |
» g 50 i
& 107%E E 4 5 T
E El = ' _
B = . --- n=20
1075 F < x /! —-- =50
E| ] ’
1 = A --- n=100
10°° ¢ e of - 4
E | | | E| | ! | |
0 5 10 15 0 5 10 15
Iteration

Iteration
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Randomized TT rounding: timing on the cookies problem

120

Average Runtime (s)

o
s

o]
o

D
o

N
o

n
o

o

Randomized TT-GMRES

I RandRoundSum
| | I Other

8 16 32 64 128 256
Number of parameter samples

2000

(s
=) I
o o
o o

Average Runtime
(9]
o
o

Naive TT-GMRES

I TT-Sum + Round
[ Other

8 16 32 64 128 256
Number of parameter samples

randomized TT-rounding, for varying numbers of parameters
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Family 2: Khatri-Rao




Family 2: Khatri-Rao structure

Low-rank GMRES keeps handing us Y = Zle Xy, each summand a TT tensor. Sketch it with a
Khatri-Rao product of small Gaussians, Q = Qn ® --- ® Q> with Q, € R<¢. storage £ I, every
column a random rank-one tensor.
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Family 2: Khatri-Rao structure

Low-rank GMRES keeps handing us Y = Zle Xy, each summand a TT tensor. Sketch it with a
Khatri-Rao product of small Gaussians, Q = Qn ® -+ © 2 with Q, € R<¢. storage @Zn I, every

column a random rank-one tensor.

Applying it is a right-to-left sweep of partial contractions, one MTTKRP per core:

Wy = H(TX?N)QN, W, :H(Txvn)[w,,ﬂu @Qn], n= N*l,...,2

» randomize-then-orthogonalize exactly as in Family 1: S, = V(Ty ,)Wnas1(:, 1:4,), thin QR, new
core; O(NIR?() in total
» the sketch of the sum is the sum of the sketches — contract each X« and accumulate, so the

block-diagonal formal sum is never built
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Family 2: Khatri-Rao structure

Low-rank GMRES keeps handing us Y = Zle Xy, each summand a TT tensor. Sketch it with a
Khatri-Rao product of small Gaussians, Q = Qn ® -+ © 2 with Q, € R<¢. storage @Zn I, every

column a random rank-one tensor.

Applying it is a right-to-left sweep of partial contractions, one MTTKRP per core:

Wy = H(TZ)C,N)QN7 W, :H(Txyn)[wnﬂu @Qn], n= N*l,...,2

» randomize-then-orthogonalize exactly as in Family 1: S, = V(Ty ,)Wnas1(:, 1:4,), thin QR, new
core; O(NIR?() in total
» the sketch of the sum is the sum of the sketches — contract each X« and accumulate, so the

block-diagonal formal sum is never built

Same leading order as the TT-structured sketch, with O(N/¢) random numbers instead of O(NI/(?) —
and this sketch can be widened after the fact.
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Paying for a weaker embedding: adapt the sketch size

A KRP of N Gaussians is not a Gaussian: +||AQ||Z is still unbiased for [|A[|Z, but the guarantee costs

more:

lz max{sflc(;' In"(2/5), e 2C, |n2(2/6)} with probability 1 —§

That In" is the price of the structure — prescribing ¢ up front is guesswork.
p P g 8!
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Paying for a weaker embedding: adapt the sketch size

A KRP of N Gaussians is not a Gaussian: +||AQ||Z is still unbiased for [|A[|Z, but the guarantee costs
more:

lz max{sflc(;' In"(2/5), e 2C, |n2(2/6)} with probability 1 —§

That In" is the price of the structure — prescribing ¢ up front is guesswork.
p P g 8!

Grow it instead. Per mode, start from b, columns and enrich in blocks

» the stopping test is that same estimator: use the enriching block to estimate the residual
IX = QQX||F

» enriching is cheap because the sketch is a KRP: draw new 2, and append W, + [W, W}"],
keeping every contraction already done
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Paying for a weaker embedding: adapt the sketch size

A KRP of N Gaussians is not a Gaussian: +||AQ||Z is still unbiased for [|A[|Z, but the guarantee costs
more:

lz max{sflc(;' In"(2/5), e 2C, |n2(2/§)} with probability 1 —§

That In" is the price of the structure — prescribing ¢ up front is guesswork.
p P g 8!

Grow it instead. Per mode, start from b, columns and enrich in blocks

» the stopping test is that same estimator: use the enriching block to estimate the residual
IX = QQX||F

» enriching is cheap because the sketch is a KRP: draw new 2, and append W, + [W, W}"],
keeping every contraction already done

Adaptivity is what the Khatri-Rao structure buys: very cheap to append columns compared to a
TT-format.
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Adaptive KRP rounding: back to the cookies problem

TT-GMRES on 4 cookies, with sum-then-round done three ways:

50 |
40
Q
3
$30r
Q
wn
20 /5 e
104 g —3&— sum+Round (Rand-Orth-KRP)
i Total speedup (Rand-Orth-KRP)
—&— Sum+Round (Rand-Orth)
0 | _|—%-- Total speedup (Rand-Orth)
8 16 32 64 128

red: KRP, blue: TT sketch; axis: mode size /

256

» 51x on the sum-and-round kernel and 46x on

the whole solve

P 2x faster than the Family 1 TT-structured
sketch — at the same TT ranks per iteration

» Using 7 cookies, N = 8: the fixed-rank
randomized solver stalls at residual 10~2; the
adaptive one reaches 10~7 against a 10~8
target, 25 faster than naive — which runs out

of memory at | = 128

Al Daas, Ballard, Grigori, Martinez Aguilar, Saibaba & Verma, Adaptive randomized tensor train rounding using

Khatri-Rao products.
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Family 3: Kronecker




Family 3: Kronecker-structured random matrices

Build © from one small random matrix per mode, Q; R4
Q=(® 1% 18 @)

Storage Application — the key identity

Z I;¢; instead of H 1;¢; YJ' = XU) QT
i#j i#j
is exactly a multi-TTM:
For | =100, N =5, ¢ = 20: 8 x 103 instead of

2 x 10°. Y=Xx1Q X 11 X1 Qyya - XN Qn
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Family 3: Kronecker-structured random matrices

Build © from one small random matrix per mode, Q; R4
Q=(® 1% 18 @)

Storage Application — the key identity

Z I;¢; instead of H 1;¢; YJ' = XU) QT
i#j i#j
is exactly a multi-TTM:
For | =100, N =5, ¢ = 20: 8 x 103 instead of

2 x 10°. Y=Xx1Q X 11 X1 Qyya - XN Qn

So sketching costs TTIM flops, using the operation we discussed earlier — and we never form
Q, never form X;).

Better still: the partial products X x1 Q1 X2 Q2 --- are shared between the sketches for different modes ;.
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Randomized T-HOSVD

T-HOSVD is bottlenecked by the SVDs of the unfoldings.
Matrix idea: randomized range finder (Halko, Martinsson & Tropp 2011)

» post-multiply by a random matrix to approximate the range
» need an estimate of the rank, plus oversampling

Tensor idea: RandTucker (Minster, Li & Ballard 2022; Minster, Saibaba & Kilmer 2020)

. Compute U = orthonormalization of X x5 5 x3 Q3
. Compute V = orthonormalization of X x; Q; x3 Q3
. Compute W = orthonormalization of X x; Q7 x5 Q5
G =X x; UT x, VT xgWT

A W N =

Every line is a TTM. Parallelizable, cache-friendly, and the sequentially truncated variant
randomizes the same way.
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The catch: a Kronecker sketch is a weaker embedding

A Kronecker Q has []; [i¢; entries but only >, /;(; degrees of freedom. Its entries are heavily
dependent, and the embedding guarantee degrades accordingly.

What changes What to do about it

» for a Gaussian, £/ = O(r/e?) » oversample per mode, not globally: take

» for a Kronecker product of N factors, the ; = Rj + p with p a genuine margin,
required ¢ picks up a dependence on N — not p =5
the known bounds degrade roughly » the bounds are pessimistic — in practice
exponentially in the number of factors these sketches behave far better than

» the tail/concentration behaviour is heavier: the theory promises
rare bad draws are less rare » and you can always verify: the Tucker

error is computable after the fact

This is the honest trade. We buy a factor of 10° in storage and pay for it in sketch size and in
theory. It is nearly always worth it — but know that you are paying.
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Wrapping up




The three families, side by side

structure of Q where it arises storage cost to apply embedding

dense Gaussian ~ — (the ideal) N1y o(I"¢) 0= 0(r/e?)

TT columns TT rounding: sketch-  O(3; 1ik®) O(NIR?k) contrac-  degrades with k and

{To,n} rank k ing X(1:n) tion; one sweep N; k is the dial
serves all n

Khatri-Rao rounding a sum of TT  £37 I, O(NIR??) partial  weakest of the three

QAv O - O Q2 tensors, to a tolerance contractions; O(NI?) (InN), but the sketch
RNGs can grow

Kronecker Tucker: sketching 37, [i(; multi-TTM;  partial degrades with the

Ay R R modal unfoldings X; products shared number of factors

across modes

One idea throughout: give the random matrix the same structure as the data, so that “multiply
by Q2" becomes an operation the format already supports.
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