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What to do with multi-way data

Exploratory analysis of matrix data starts with the SVD, or PCA.

But many datasets have more than two modes:

� if an image is 2D, a video is 3D

� a single social network is 2D; several modalities makes it 3D or higher

� a parametrized PDE has one mode per parameter

Three options:

� extract or average into a matrix — losing information

� reshape/unfold into a matrix — losing relationships between modes

� keep the multi-way structure and use tensor methods
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Warmup: the matrix SVD, and the four things we want from it

The SVD of an M × N matrix A:

A = UΣVT =
N∑
i=1

σiuivTi and the truncated SVD, a rank-R approximation,

A ≈ AR = URΣRVT
R =

R∑
i=1

σiuivTi

We are going to meet three tensor generalizations. Rather than list them, let us score each one
on what the SVD gives us for free:

unique / interpretable factors ✓

solves the approximation problem ✓

compresses (storage linear in dimensions) ✓

stable, predictable algorithms ✓

No tensor format scores four out of four. Which boxes you need decides which format you use — that is the
real content of the next forty minutes.

2/49



Notation



Basic tensor notation

Vector 
N = 1 

Matrix 
N = 2 

3rd-Order Tensor 
N = 3 

4th-Order Tensor 
N = 4 

5th-Order Tensor 
N = 5 

An Nth-order tensor has N modes

Notation convention: vector v, matrix M, tensor T
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Fibers and slices

Mode-1 Fibers Mode-2 Fibers Mode-3 Fibers 

fibers: fix all indices but one

458 TAMARA G. KOLDA AND BRETT W. BADER

(a) Mode-1 (column) fibers: x:jk (b) Mode-2 (row) fibers: xi:k (c) Mode-3 (tube) fibers: xij:

Fig. 2.1 Fibers of a 3rd-order tensor.

(a) Horizontal slices: Xi:: (b) Lateral slices: X:j: (c) Frontal slices: X::k (or Xk)

Fig. 2.2 Slices of a 3rd-order tensor.

A. The inner product of two same-sized tensors X, Y ∈ RI1×I2×···×IN is the sum of
the products of their entries, i.e.,

⟨X, Y ⟩ =

I1∑

i1=1

I2∑

i2=1

· · ·
IN∑

iN=1

xi1i2···iN yi1i2···iN .

It follows immediately that ⟨X, X ⟩ = ∥X ∥2.
2.1. Rank-One Tensors. An N -way tensor X ∈ RI1×I2×···×IN is rank one if it

can be written as the outer product of N vectors, i.e.,

X = a(1) ◦ a(2) ◦ · · · ◦ a(N).

The symbol “◦” represents the vector outer product. This means that each element
of the tensor is the product of the corresponding vector elements:

xi1i2···iN = a
(1)
i1

a
(2)
i2

· · · a(N)
iN

for all 1 ≤ in ≤ In.

Figure 2.3 illustrates X = a ◦ b ◦ c, a third-order rank-one tensor.

2.2. Symmetry and Tensors. A tensor is called cubical if every mode is the same
size, i.e., X ∈ RI×I×I×···×I [49]. A cubical tensor is called supersymmetric (though
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slices: fix one index

A tensor can be partitioned into the fibers, or the slices, of each mode.
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Modal unfoldings / matricizations

A tensor can be reshaped into matrices, called unfoldings or matricizations

For modal unfoldings, fibers form columns and slices form rows

This is the bridge to everything you already know — but note the shape: X(n) is
In × (I1 · · · In−1In+1 · · · IN), catastrophically wide.
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Tensor times matrix (TTM)

Notation: Y = X×1 U

U

X

=

Y

Y(1)

=

U X(1)

� TTM is mode specific

� the input matrix multiplies all fibers
in that mode

� unfolded, it is just matrix
multiplication

� multiple TTMs compose, in any order

T = G×1 U×2 V ×3 W

This one operation is most of what we do all

lecture. Remember it.

6/49



CP



CP: think of the SVD as a sum of outer products

Matrix:

Tensor:

Canonical Polyadic, a.k.a. CANDECOMP/PARAFAC.
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CP notation

X ≈ a1 ◦ b1 ◦ c1 + · · ·+ ar ◦ br ◦ cr , X ∈ Rm×n×p

X ≈ JA,B,CK , A ∈ Rm×r ,B ∈ Rn×r ,C ∈ Rp×r

are factor matrices

xijk ≈
r∑

ℓ=1

aiℓbjℓckℓ, 1 ≤ i ≤ m, 1 ≤ j ≤ n, 1 ≤ k ≤ p
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The CP optimization problem

For fixed rank r , we want to solve

min
A,B,C

∥∥∥∥∥X−
r∑

ℓ=1

aℓ ◦ bℓ ◦ cℓ

∥∥∥∥∥

which is a nonlinear, nonconvex optimization problem

� in the matrix case, the SVD hands us the optimal solution

� in the tensor case, there is no such thing — no HOSVD-style shortcut, and the best rank-r
approximation may not even exist
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Alternating least squares — and the first structured matrix

Fix all but one factor matrix and the problem becomes linear least squares:

min
B

∥∥∥∥∥X−
r∑

ℓ=1

âℓ ◦ bℓ ◦ ĉℓ

∥∥∥∥∥

To see why, matricize:
min

B
∥ X(2)︸︷︷︸

n×mp

− B︸︷︷︸
n×r

(Ĉ⊙ Â)T︸ ︷︷ ︸
r×mp

∥F

where ⊙ is the Khatri-Rao product, a column-wise Kronecker product:

Ĉ⊙ Â =
[
ĉ1 ⊗ â1 · · · ĉr ⊗ âr

]

Note what just happened. The coefficient matrix is mp × r — enormous — but it is stored as two
small factors. We will never form it.
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ĉ1 ⊗ â1 · · · ĉr ⊗ âr
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The least squares subproblem, and where the time goes

The subproblem
min

B
∥ X(2)︸︷︷︸

n×mp

− B︸︷︷︸
n×r

(Ĉ⊙ Â)T︸ ︷︷ ︸
r×mp

∥F

has normal equations
(Ĉ⊙ Â)T(Ĉ⊙ Â)︸ ︷︷ ︸

r×r

· BT︸︷︷︸
r×n

= (X(2)︸︷︷︸
n×mp

(Ĉ⊙ Â)︸ ︷︷ ︸
mp×r

)T

� (Ĉ⊙ Â)T (Ĉ⊙ Â) is cheap: it equals Ĉ
T
Ĉ ∗ Â

T
Â, an r × r elementwise product — structure

paying off immediately

� X(2)(Ĉ⊙ Â) is the Matricized-Tensor Times Khatri-Rao Product (MTTKRP), and it touches
every entry of X

MTTKRP is bottleneck number one. O(I 3r) per mode per iteration.
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CP-ALS

Repeat

1. Solve (BTB ∗ CTC)AT = (X(1)(C⊙ B))T for A

2. Solve (ATA ∗ CTC)BT = (X(2)(C⊙ A))T for B

3. Solve (ATA ∗ BTB)CT = (X(3)(B⊙ A))T for C

Other details

� initialization can be random, or more intelligent

� handling the scaling ambiguity within rank-one components

� overlapping computations across the three steps

Simple loop; the entire cost is three MTTKRPs per iteration.
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Addition in CP format

Let X = JA,B,CK have rank r and Y =
r
Ã, B̃, C̃

z
have rank r̃ . The sum of two sums of rank-one

terms is again a sum of rank-one terms, so we simply concatenate the factor matrices column-wise:

X+ Y =
r[

A Ã
]
,
[
B B̃

]
,
[
C C̃

]z
, factors now I × (r+r̃), etc.

� zero flops — the operation is a copy; storage is the sum of the two storages

� scalar multiples are just as cheap: αX = JαA,B,CK, absorb α into any one factor

� the rank of the result is at most r + r̃ , and generically equal to it

The catch: k additions give rank O(kr), and CP has no cheap rounding — truncating back to rank r

means solving another nonconvex problem with CP-ALS, at O(I 3r) per mode per iteration, with no
guarantee of a good answer.
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Ã, B̃, C̃

z
have rank r̃ . The sum of two sums of rank-one

terms is again a sum of rank-one terms, so we simply concatenate the factor matrices column-wise:

X+ Y =
r[

A Ã
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Inner products in CP format

Everything follows from one fact about rank-one tensors:

⟨a ◦ b ◦ c, ã ◦ b̃ ◦ c̃⟩ = (aTã)(bTb̃)(cTc̃)

Expanding bilinearly over all r r̃ pairs of terms,

⟨X,Y⟩ =
r∑

ℓ=1

r̃∑
ℓ′=1

(aT
ℓ ãℓ′)(b

T
ℓ b̃ℓ′)(c

T
ℓ c̃ℓ′) = 1T

[
(ATÃ) ∗ (BTB̃) ∗ (CTC̃)

]
1

� O((I + J + K)r r̃): three thin Gram products, then an r × r̃ elementwise product — the tensors
are never formed

� the same ∗ identity behind the ALS normal equations: (C⊙ B)T(C̃⊙ B̃) = CTC̃ ∗ BTB̃

Two consequences, letting ALS monitor its fit with no residual tensor:

∥X∥2 = 1T(ATA ∗ BTB ∗ CTC)1, ∥X− Y∥2 = ∥X∥2 − 2⟨X,Y⟩+ ∥Y∥2
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Scorecard: CP

X ≈
R∑

i=1

ui ◦ vi ◦ wi

unique / interpretable factors ✓

solves the approximation problem p

compresses (storage linear in dimensions) ✓

stable, predictable algorithms p

� CP is almost always unique — so you can interpret the components. This is the property the
SVD does not give you for tensors of order ≥ 3, and it is CP’s whole reason to exist

� but there is no exact solve: you cannot reliably hit a prescribed ϵ

� storage is linear in the dimensions: (I + J + K)R

� algorithms are iterative and not predictable — run from several starting points and hope
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Tucker



Tucker: think of the SVD as identifying subspaces

Matrix:

Tensor:

One subspace per mode, plus a small core that couples them.
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Tucker notation

X ≈ G×1 U×2 V ×3 W X ∈ RI×J×K ,G ∈ RP×Q×R

is the core tensor
X ≈ JG;U,V,WK , U ∈ RI×P ,V ∈ RJ×Q ,W ∈ RK×R

are factor matrices

xijk ≈
P∑

p=1

Q∑

q=1

R∑

r=1

gpqruipvjqwkr

Note: this is exactly a chain of TTMs. Everything we do to it will be TTMs.
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The Tucker optimization problem, and why it is easier

For fixed ranks P,Q,R:
min

G,U,V,W
∥X− G×1 U×2 V ×3 W∥

— again nonlinear and nonconvex. But matricize it:

min
G,U,V,W

∥ X(1)︸︷︷︸
I×JK

− U︸︷︷︸
I×P

G(1)(W ⊗ V)T︸ ︷︷ ︸
P×JK

∥F

If we ignore the structure imposed on the P × JK factor and simply ask for the best rank-P
approximation of X(1), we would take U to be its leading left singular vectors.

That turns out to be good enough — and it decouples the modes completely.

Also note the Kronecker product W ⊗ V appearing on its own. Remember it too.
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Truncated higher-order SVD (T-HOSVD)

1. Compute U = leading P left singular vectors of X(1)

2. Compute V = leading Q left singular vectors of X(2)

3. Compute W = leading R left singular vectors of X(3)

4. G = X×1 UT ×2 VT ×3 WT

Quasi-optimality: the T-HOSVD error is within a factor of
√
N of optimal for the given ranks.

No iteration, no local minima, and a computable error bound.

Sequentially truncated variant (ST-HOSVD): truncate the tensor after each factor matrix
is computed — cheaper, and equally accurate.

Bottleneck number two: those SVDs are of I × IN−1 unfoldings.
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Addition in Tucker format

Let X = JG;U,V,WK and Y =
r
G̃; Ũ, Ṽ, W̃

z
. Concatenate the factors and stack the cores

block-diagonally:

X+ Y =

t[
G

G̃

]
;
[
U Ũ

]
,
[
V Ṽ

]
,
[
W W̃

]|
The new core is (P+P̃)× (Q+Q̃)× (R+R̃): G in the leading block, G̃ in the trailing one, zeros
elsewhere — keeping the two sets of subspaces from mixing.

� again zero flops: ranks add in every mode, so the core multiplies — 2N times bigger for two
order-N tensors, mostly zeros

� so, unlike CP, a sum cannot be left unrounded for long

But rounding is cheap here, and touches nothing of size IN :

1.
[
U Ũ

]
= Q1R1 and likewise per mode — thin QR, O(I (P+P̃)2)

2. apply the triangular factors to the core, G×1 R1 ×2 R2 ×3 R3 — TTMs on a small tensor
3. ST-HOSVD that small core and fold the result back into Q1,Q2,Q3
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Inner products in Tucker format

Vectorize: vec(X) = (W ⊗ V ⊗ U) vec(G), then use the mixed-product rule

(W ⊗ V ⊗ U)T(W̃ ⊗ Ṽ ⊗ Ũ) = (WTW̃)⊗ (VTṼ)⊗ (UTŨ)

which, back in tensor notation, says: push all six factor matrices onto one small core

⟨X,Y⟩ =
〈
G, G̃×1 (UTŨ)×2 (VTṼ)×3 (WTW̃)

〉

� three Gram products between the factor matrices: O(IPP̃ + JQQ̃ + KRR̃)

� a chain of TTMs on the small core, O(P̃Q̃R̃P + PQ̃R̃Q + PQR̃R), then a dot product

� the mode sizes I , J,K enter only linearly, through those Gram products

With orthonormal factors — as T-HOSVD always leaves them — UTU = I and this collapses to
∥X∥ = ∥G∥: the norm of a Tucker tensor is the norm of its core.
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〉

� three Gram products between the factor matrices: O(IPP̃ + JQQ̃ + KRR̃)

� a chain of TTMs on the small core, O(P̃Q̃R̃P + PQ̃R̃Q + PQR̃R), then a dot product

� the mode sizes I , J,K enter only linearly, through those Gram products

With orthonormal factors — as T-HOSVD always leaves them — UTU = I and this collapses to
∥X∥ = ∥G∥: the norm of a Tucker tensor is the norm of its core.

21/49



Inner products in Tucker format

Vectorize: vec(X) = (W ⊗ V ⊗ U) vec(G), then use the mixed-product rule

(W ⊗ V ⊗ U)T(W̃ ⊗ Ṽ ⊗ Ũ) = (WTW̃)⊗ (VTṼ)⊗ (UTŨ)

which, back in tensor notation, says: push all six factor matrices onto one small core

⟨X,Y⟩ =
〈
G, G̃×1 (UTŨ)×2 (VTṼ)×3 (WTW̃)

〉

� three Gram products between the factor matrices: O(IPP̃ + JQQ̃ + KRR̃)

� a chain of TTMs on the small core, O(P̃Q̃R̃P + PQ̃R̃Q + PQR̃R), then a dot product
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Scorecard: Tucker

X ≈ G×1 U×2 V ×3 W

unique / interpretable factors p

solves the approximation problem ✓

compresses (storage linear in dimensions) ✓

stable, predictable algorithms ✓

� Tucker is not unique — the factors are subspaces, and you cannot interpret individual columns

� but it solves the approximation problem quasi-optimally, and you can hit a prescribed ϵ

� compression is real but not linear in the order: the core is R1 · · ·RN , so storage still grows
exponentially in N

� algorithms are direct, stable and predictable — running time depends only on the dimensions

That third point is the catch, and it is why we need a third format.
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Tensor Train



Tensor Train (TT) notation

I1

R1

I2

R1
R2

I3

R2
R3

I4

R3
R4

I5

R4

X ≈ {TX,k},X ∈ RI1×I2×I3×I4×I5 TX,n ∈ RRn−1×In×Rn

are TT cores

xijklm ≈
R1∑
α=1

R2∑
β=1

R3∑
γ=1

R4∑
δ=1

TX,1(i, α)TX,2(α, j, β)TX,3(β, k, γ)TX,4(γ, l, δ)TX,5(δ,m)

Storage (I1 + · · ·+ IN)R
2: linear in the order. The format for the cookies problem. 23/49
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Tensor network diagrams

Tucker Tensor Train

G

U(1)

U(2)

U(3)U(4)

U(5)
R ′

1
R ′

2

R ′
3

R ′
4

R ′
5

I1

I2

I3

I4

I5
TX,1 TX,2 TX,3 TX,4 TX,5

R1 R2 R3 R4

I1 I2 I3 I4 I5

Vertices are tensors, edges are modes, degree is dimension, connected edges are contractions

Tucker has one high-degree vertex (the core, RN entries); TT has a chain of degree-3 vertices
(NIR2).
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Intuition for TT ranks

Tucker: the nth Tucker rank approximates the numerical rank of the nth modal unfolding

X(n) is In × (I1 · · · In−1In+1 · · · IN)

Tensor Train: the nth TT rank approximates the numerical rank of the unfolding that maps the first n

modes to rows
X(1:n) is (I1 · · · In)× (In+1 · · · IN)

� so TT asks about a sequence of splits of the mode list, not about each mode against all the others

� the full-format tensor would be far too big to store, so X(1:n) is only ever available implicitly,
through the cores

� truncating the ranks of a tensor already in TT format is called TT rounding (Oseledets 2011)
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Vertical and horizontal unfoldings of TT cores

In

Rn−1
Rn

TX,n ∈ RRn−1×In×Rn

is a TT core

In

Rn−1 · · ·
In

Rn

H(TX,n) ∈ RRn−1×InRn

horizontal unfolding

Rn

Rn−1

...

Rn−1

...

Rn−1

In

V(TX,n) ∈ RRn−1In×Rn

vertical unfolding
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Example algorithm: TT rounding

function {TZ,n} = TT-Rounding({TX,n})
▷ Orthogonalization Phase
for n = N down to 2 do

[Yn,Rn] = QR(H(TX,n)
T ) ▷ (tall-skinny) QR factorization

V(TX,n−1) = V(TX,n−1) · RT ▷ Apply R to previous core

▷ Truncation Phase
Z = X

for n = 1 to N − 1 do
[Yn,Rn] = QR(V(TZ,n)) ▷ (tall-skinny) QR factorization
[ÛR , Σ̂, V̂] ≈ tSVD(Rn) ▷ Truncated SVD of R
V(TZ,n) = Apply-Q(Yn, ÛR )
H(TZ,n+1)

T = Apply-Q(Yn+1, V̂Σ̂)

Both core unfoldings are column major, so BLAS/LAPACK apply directly.

Bottleneck number three: that orthogonalization sweep, O(NIR3), dominates.
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Addition in TT format

Each entry of a TT tensor is a product of matrices, one per mode. To add two of them, make those
matrices block-diagonal, so the two chains run side by side without interacting:

TZ,n(:, in, :) =

[
TX,n(:, in, :)

TY,n(:, in, :)

]
∈ R(Rn−1+R̃n−1)×(Rn+R̃n), 1 < n < N

closing the chain at both ends so the two products are summed, not kept apart:

TZ,1(i1, :) =
[
TX,1(i1, :) TY,1(i1, :)

]
, TZ,N(:, iN) =

[
TX,N(:, iN)

TY,N(:, iN)

]

� multiplying out the block-diagonal chain gives xi1···iN + yi1···iN , as required

� zero flops, pure data movement — but every internal rank adds: Rn + R̃n

This is why TT rounding is the workhorse kernel. Sums are everywhere — time stepping, Krylov
methods, residuals — and each doubles the ranks. Rounding is the inner loop.
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Inner products in TT format

Contract the two trains together one mode at a time, carrying a small Rn × R̃n matrix Mn from left to
right:

M0 = 1, Mn =

In∑
in=1

TX,n(:, in, :)
T Mn−1 TY,n(:, in, :), ⟨X,Y⟩ = MN

Each step is two dense matrix products on reshaped cores:

1. Mn−1 · V(TY,n) costs O(Rn−1R̃n−1InR̃n)

2. contract the result against TX,n, costing O(Rn−1InR̃nRn)

for a total of O(NIRR̃(R + R̃)) — linear in the order and in the mode sizes, and BLAS-3 throughout.

Never form the block-diagonal sum and then contract: that would square the ranks. Sweep instead.

Norms: orthogonalize the cores first (the sweep of QRs from the TT rounding algorithm); then all but
one core cancels and ∥X∥ is the Frobenius norm of the single remaining core.
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Scorecard: Tensor Train

xijklm ≈ TX,1(i , :)TX,2(:, j , :)TX,3(:, k, :)TX,4(:, l , :)TX,5(:,m)

unique / interpretable factors p

solves the approximation problem ✓

compresses (storage linear in dimensions) ✓

stable, predictable algorithms ✓

� TT is not unique — you cannot interpret the cores

� quasi-optimal for given ranks, and you can hit a prescribed ϵ

� storage is linear in the order: (I1 + · · ·+ IN)R
2 — this is the box Tucker could not tick, and the

reason TT can handle an 11-way tensor

� stable, predictable algorithms
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Scorecard: all four, together

unique optimal compresses stable

SVD ✓ ✓ ✓ ✓

CP ✓ p ✓ p

Tucker p ✓ ✓ ✓

TT p ✓ ✓ ✓

� want to interpret the factors? CP is the only option, and you pay for it in stability

� want a guaranteed error at a given cost? Tucker or TT

� order 3 or 4, and want the modes treated symmetrically? Tucker

� order 10 or more? TT, because it is the only one whose storage does not blow up with the order

No format wins. Pick the column you cannot do without.
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Three formats, three bottlenecks — and one shape

format algorithm bottleneck cost

CP ALS MTTKRP / the LLS solve O(IN r) per mode, per iteration
Tucker ST-HOSVD SVD of the modal unfoldings O(IN+1)

TT rounding orthogonalization sweep O(NIR3)

Every one of them has the same shape:

a huge, implicitly defined matrix, and we only want its range,
or a least-squares solution against it

� CP: the coefficient matrix is a Khatri-Rao product, IN−1 × r

� Tucker: the unfolding X(n) is I × IN−1

� TT: the unfolding X(1:n) exists only through the cores

That is precisely the situation randomization was invented for. After the break: why the obvious way
to randomize does not work, and what does.
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Break
10 minutes



Randomization, and why it
needs structure



Randomized rank-k decomposition

Randomized range finder (Halko, Martinsson & Tropp 2011). To find an approximate basis for the
range of A ∈ Rm×n:

Y = AΩ, Ω ∈ Rn×ℓ random, Q = orth(Y)

with ℓ = r+ a small oversampling parameter. Then A ≈ QQTA.

Work out how you apply it to A = XZT and A = X1Z
T
1 + X2Z

T
2 .
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Why we cannot just use a Gaussian

Take an N-way tensor with all modes I . The mode-n unfolding is I × IN−1, so a dense Ω is IN−1 × ℓ.

tensor dense Ω

IN IN−1ℓ

I=100, N=3, ℓ=20 106 2× 105

I=100, N=4, ℓ=20 108 2× 107

I=100, N=5, ℓ=20 1010 2× 109

I=100, N=8, ℓ=20 1016 2× 1015

The sketch is a constant fraction of the tensor — at
every order.

And that is the optimistic reading. In the cases
we actually care about:

� the tensor is never stored in full anyway —
it lives in TT or Tucker form, and is far
smaller than IN

� so the random matrix would be orders of
magnitude larger than the data it is
compressing

� and forming AΩ would cost more than the
deterministic algorithm we set out to replace

We need an Ω that is never formed and never stored — only applied in a way exploiting
the structure the data already has.

Three ways to do that, one per format.
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Where rounding actually comes from
R. Smith, M. Pasha, A. Galindo-Olarte, H. Al Daas, G. Ballard, J. Nakao, J. Qiu, W.
Taitano: Efficient Sketching-Based Summation of Tucker Tensors 20
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Ω : σ(x, ξ) = 1
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L

Figure 3: Schematic of the spatial domain Ω = [0, L]2 for the 4-parameter cookie prob-
lem. The domain features a background region where the diffusion coefficient
is constant (σ = 1), and P = 4 mutually disjoint circular subdomains arranged
in a grid. Inside each subdomain Dµ, the diffusion coefficient is modeled as a
parameter-dependent constant σ(x, ξ) = 1 + ξµ. This geometry gives rise to the
spatial stiffness matrices A0, . . . ,A3 utilized in the tensor-structured linear sys-
tem.

µ-th inclusion Dµ

σ(x, ξ) = 1 +
P∑

µ=1

ξµχDµ(x),

where χDµ denotes the characteristic function of the subdomain Dµ.
Discretizing the spatial domain using finite elements with Nx basis functions {ϕi}Nx

i=1,
we approximate the solution as uh(x, ξ) =

∑Nx
i=1 ui(ξ)ϕi(x). The weak formulation leads

to a parameter-dependent linear system of the form

A0 +

P∑

µ=1

ξµAµ


u(ξ) = b, (31)

where u(ξ) ∈ RNx is the vector of coefficients. The matrices A0,Aµ ∈ RNx×Nx and the
vector b ∈ RNx are defined by the integrals

(A0)ij =

∫

Ω
∇ϕi · ∇ϕj dx, (Aµ)ij =

∫

Dµ

∇ϕi · ∇ϕj dx, (b)i =

∫

Ω
fϕi dx.

In our experiments, we utilize pre-computed stiffness matrices A0, . . . ,AP and load vector
b. To solve this system for a range of parameter values simultaneously, we employ a tensor
product approach. We discretize the parameter space by sampling each parameter ξµ at N
points, denoted by the set {ξ(k)µ }Nk=1. This sampling forms a grid of NP total configurations.
The discrete unknowns are collected into a (P + 1)-dimensional tensor X ∈ RNx×N×···×N .
The parameter-dependent linear system from (31) can be formulated globally as a linear
operator L acting on this solution tensor. By defining D = diag(ξ(1), . . . , ξ(N)) ∈ RN×N

Preprint. 2026-03-13

the cookies problem

Discretize the parameter-dependent PDE in space and in all p parameters at once
and the linear system inherits the tensor structure:(
A0 ⊗ I⊗ · · · ⊗ I +

p∑
i=1

Ai ⊗ I⊗ · · · ⊗ Di︸︷︷︸
mode i+1

⊗ · · · ⊗ I
)

vec(U) = f ⊗ 1⊗ · · · ⊗ 1

with Di = diag(ρ(1)i , . . . , ρ
(I )
i ), I samples per parameter: a rank-(p+1) operator, a

rank-one right-hand side, and an unknown U of order N = p+1 that is never
formed.

Solve it with low-rank GMRES (TT-GMRES, Dolgov 2013): every Krylov vector is a low-rank tensor,
and every step inflates the ranks:

� the matvec W = AVj multiplies the ranks by p+1

� Arnoldi orthogonalization W←W−
∑

i≤j hijVi is a sum of j+1 low-rank tensors — ranks add;
so is the update X =

∑
k ykVk

Additions were free; this is where the bill arrives. Each must be truncated back before the next step —
and the kernel is always the same: round a sum of low-rank tensors.

35/49



Where rounding actually comes from
R. Smith, M. Pasha, A. Galindo-Olarte, H. Al Daas, G. Ballard, J. Nakao, J. Qiu, W.
Taitano: Efficient Sketching-Based Summation of Tucker Tensors 20

D1

1 + ξ1

D2

1 + ξ2

D3

1 + ξ3

D4

1 + ξ4

Ω : σ(x, ξ) = 1

0 L
0

L

Figure 3: Schematic of the spatial domain Ω = [0, L]2 for the 4-parameter cookie prob-
lem. The domain features a background region where the diffusion coefficient
is constant (σ = 1), and P = 4 mutually disjoint circular subdomains arranged
in a grid. Inside each subdomain Dµ, the diffusion coefficient is modeled as a
parameter-dependent constant σ(x, ξ) = 1 + ξµ. This geometry gives rise to the
spatial stiffness matrices A0, . . . ,A3 utilized in the tensor-structured linear sys-
tem.

µ-th inclusion Dµ

σ(x, ξ) = 1 +
P∑

µ=1

ξµχDµ(x),

where χDµ denotes the characteristic function of the subdomain Dµ.
Discretizing the spatial domain using finite elements with Nx basis functions {ϕi}Nx

i=1,
we approximate the solution as uh(x, ξ) =

∑Nx
i=1 ui(ξ)ϕi(x). The weak formulation leads

to a parameter-dependent linear system of the form

A0 +

P∑

µ=1

ξµAµ


u(ξ) = b, (31)

where u(ξ) ∈ RNx is the vector of coefficients. The matrices A0,Aµ ∈ RNx×Nx and the
vector b ∈ RNx are defined by the integrals

(A0)ij =

∫

Ω
∇ϕi · ∇ϕj dx, (Aµ)ij =

∫

Dµ

∇ϕi · ∇ϕj dx, (b)i =

∫

Ω
fϕi dx.

In our experiments, we utilize pre-computed stiffness matrices A0, . . . ,AP and load vector
b. To solve this system for a range of parameter values simultaneously, we employ a tensor
product approach. We discretize the parameter space by sampling each parameter ξµ at N
points, denoted by the set {ξ(k)µ }Nk=1. This sampling forms a grid of NP total configurations.
The discrete unknowns are collected into a (P + 1)-dimensional tensor X ∈ RNx×N×···×N .
The parameter-dependent linear system from (31) can be formulated globally as a linear
operator L acting on this solution tensor. By defining D = diag(ξ(1), . . . , ξ(N)) ∈ RN×N

Preprint. 2026-03-13

the cookies problem

Discretize the parameter-dependent PDE in space and in all p parameters at once
and the linear system inherits the tensor structure:(
A0 ⊗ I⊗ · · · ⊗ I +

p∑
i=1

Ai ⊗ I⊗ · · · ⊗ Di︸︷︷︸
mode i+1

⊗ · · · ⊗ I
)

vec(U) = f ⊗ 1⊗ · · · ⊗ 1

with Di = diag(ρ(1)i , . . . , ρ
(I )
i ), I samples per parameter: a rank-(p+1) operator, a

rank-one right-hand side, and an unknown U of order N = p+1 that is never
formed.

Solve it with low-rank GMRES (TT-GMRES, Dolgov 2013): every Krylov vector is a low-rank tensor,
and every step inflates the ranks:

� the matvec W = AVj multiplies the ranks by p+1

� Arnoldi orthogonalization W←W−
∑

i≤j hijVi is a sum of j+1 low-rank tensors — ranks add;
so is the update X =

∑
k ykVk

Additions were free; this is where the bill arrives. Each must be truncated back before the next step —
and the kernel is always the same: round a sum of low-rank tensors.

35/49



Where rounding actually comes from
R. Smith, M. Pasha, A. Galindo-Olarte, H. Al Daas, G. Ballard, J. Nakao, J. Qiu, W.
Taitano: Efficient Sketching-Based Summation of Tucker Tensors 20

D1

1 + ξ1

D2

1 + ξ2

D3

1 + ξ3

D4

1 + ξ4

Ω : σ(x, ξ) = 1

0 L
0

L

Figure 3: Schematic of the spatial domain Ω = [0, L]2 for the 4-parameter cookie prob-
lem. The domain features a background region where the diffusion coefficient
is constant (σ = 1), and P = 4 mutually disjoint circular subdomains arranged
in a grid. Inside each subdomain Dµ, the diffusion coefficient is modeled as a
parameter-dependent constant σ(x, ξ) = 1 + ξµ. This geometry gives rise to the
spatial stiffness matrices A0, . . . ,A3 utilized in the tensor-structured linear sys-
tem.

µ-th inclusion Dµ

σ(x, ξ) = 1 +
P∑

µ=1

ξµχDµ(x),

where χDµ denotes the characteristic function of the subdomain Dµ.
Discretizing the spatial domain using finite elements with Nx basis functions {ϕi}Nx

i=1,
we approximate the solution as uh(x, ξ) =

∑Nx
i=1 ui(ξ)ϕi(x). The weak formulation leads

to a parameter-dependent linear system of the form

A0 +

P∑

µ=1

ξµAµ


u(ξ) = b, (31)

where u(ξ) ∈ RNx is the vector of coefficients. The matrices A0,Aµ ∈ RNx×Nx and the
vector b ∈ RNx are defined by the integrals

(A0)ij =

∫

Ω
∇ϕi · ∇ϕj dx, (Aµ)ij =

∫

Dµ

∇ϕi · ∇ϕj dx, (b)i =

∫

Ω
fϕi dx.

In our experiments, we utilize pre-computed stiffness matrices A0, . . . ,AP and load vector
b. To solve this system for a range of parameter values simultaneously, we employ a tensor
product approach. We discretize the parameter space by sampling each parameter ξµ at N
points, denoted by the set {ξ(k)µ }Nk=1. This sampling forms a grid of NP total configurations.
The discrete unknowns are collected into a (P + 1)-dimensional tensor X ∈ RNx×N×···×N .
The parameter-dependent linear system from (31) can be formulated globally as a linear
operator L acting on this solution tensor. By defining D = diag(ξ(1), . . . , ξ(N)) ∈ RN×N
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the cookies problem

Discretize the parameter-dependent PDE in space and in all p parameters at once
and the linear system inherits the tensor structure:(
A0 ⊗ I⊗ · · · ⊗ I +

p∑
i=1

Ai ⊗ I⊗ · · · ⊗ Di︸︷︷︸
mode i+1

⊗ · · · ⊗ I
)

vec(U) = f ⊗ 1⊗ · · · ⊗ 1

with Di = diag(ρ(1)i , . . . , ρ
(I )
i ), I samples per parameter: a rank-(p+1) operator, a

rank-one right-hand side, and an unknown U of order N = p+1 that is never
formed.

Solve it with low-rank GMRES (TT-GMRES, Dolgov 2013): every Krylov vector is a low-rank tensor,
and every step inflates the ranks:

� the matvec W = AVj multiplies the ranks by p+1

� Arnoldi orthogonalization W←W−
∑

i≤j hijVi is a sum of j+1 low-rank tensors — ranks add;
so is the update X =

∑
k ykVk

Additions were free; this is where the bill arrives. Each must be truncated back before the next step —
and the kernel is always the same: round a sum of low-rank tensors. 35/49
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Family 1: random matrices whose columns are tensor trains

For TT rounding we must sketch X(1:n), which is (I1 · · · In)× (In+1 · · · IN) and exists only
implicitly. So give Ω the same structure the data has: build it from its own cores
{TO,n+1, . . . ,TO,N}, each of rank k.

Ω ∈ R(In+1···IN )×k

� stored in O
(∑

j Ijk
2
)

� each column of Ω is itself a
tensor in TT format

TX,n TX,n+1 TX,n+2 · · · TX,N−1 TX,N

TO,n+1 TO,n+2 · · · TO,N−1 TO,N

Rn−1 Rn Rn+1 RN−1

k k k

In In+1 In+2 IN−1 IN

In+1 In+2 IN−1 IN

A B Z

Ω

the data X (top) and the random Ω (bottom), as one network
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Why this is cheap: the sketch is a contraction

X(1:n)Ω is not a matrix product we evaluate. It is a partial contraction of two tensor networks — read
the picture from the right:

TX,n TX,n+1 TX,n+2 · · · TX,N−1 TX,N

TO,n+1 TO,n+2 · · · TO,N−1 TO,N

Rn−1 Rn Rn+1 RN−1

k k k

In In+1 In+2 IN−1 IN

In+1 In+2 IN−1 IN

A B Z

Ω

� contract TX,N with TO,N over mode IN : a small RN−1 × k matrix

� absorb it into TX,N−1, contract again, and sweep leftwards

� total cost O(NIR2k) — linear in everything, and the unfolding is never formed

And the partial contractions are reused. The sweep that produces the sketch for mode n also produces
the sketches for every other mode along the way: sketch once, sweep once.
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Randomized TT rounding

TT rounding is bottlenecked by the orthogonalization sweep.

Matrix idea: randomized SVD (Halko, Martinsson & Tropp 2011)

� randomized range finder with an overestimated rank

� deterministic SVD on the projection to get the estimated rank

Tensor idea: TT-Rounding-RandOrth (Al Daas, Ballard, Saibaba et al. 2023)

� apply the randomized SVD to the tensor unfoldings

� use TT-structured random matrices, so each sketch is a contraction

� then deterministically round the TT with overestimated ranks, as in RandSVD

Replaces the O(NIR3) orthogonalization with O(NIR2k) contractions.

Same caveat as the Kronecker case, and more so: the entries of a TT-structured Ω are dependent, and
the embedding constants degrade with both the sketch rank k and the order N. Oversample; the error

is checkable afterwards.
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The cookies problem

Solve the cookies problem with 4 cookies, on a tensor of dimension 1781×n×n×n×n, with
TT-GMRES (Dolgov 2013).

� a Krylov method in which every vector is a TT tensor

� full tensors are never explicitly formed

� the bottleneck is rounding the TT tensors after each operation
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Randomized TT rounding: timing on the cookies problem

A92 AL DAAS ET AL.

involves k +1 summands, the randomized implementation reduces greatly the cost of
later TT-GMRES iterations in particular, as the leading order of its computational
cost is decreased from cubic to linear in k, as detailed in subsection 3.4.

We perform numerical experiments with N = 5 using a piecewise linear finite ele-
ment discretization with the mesh presented in Figure SM7, for various choices of the
number of parameter samples, I = I2 = · · · = IN , with values of ⇢i distributed linearly
between 1 and 10. The relative tolerance of the TT-GMRES solver is set to 10�8. We
compare the naive, deterministic implementation of the preconditioned TT-GMRES
algorithm with one using randomized summation and rounding steps. Results of the
comparison are reported in Figure 4.2. On the right, we display all internal ranks of
the TT representation of the Krylov vector computed at that iteration. We observe
that the ranks of the basis vectors and number of iterations are the same using both
implementations, and they depend only weakly on the dimension I of the parameter
modes of the tensors. The speedup achieved by the randomized approach increases
consistently with the number of parameter samples.

Taking a closer look at the timing statistics as presented in Figure 4.3, we note
that the computation and rounding of the linear combinations identified above indeed
dominate the computational cost in both cases and are a clear computational bot-
tleneck for the deterministic implementation in particular, as the ranks of the sum
tensor increase to as much as 2491 in these experiments. This explains the remarkable
speedup obtained with the randomized approach.

Fig 4.2. Illustration of the speedups (left) and TT-ranks of the Krylov basis vectors (right)
obtained by the deterministic and randomized summation and rounding algorithms within the TT-
GMRES algorithm to solve problem (SM5.1).

Fig 4.3. Illustration of the timings using the deterministic and randomized summation and
rounding algorithms within the TT-GMRES algorithm to solve problem (SM5.1).

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.
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Family 2: Khatri-Rao structure

Low-rank GMRES keeps handing us Y =
∑K

k=1 αkXk , each summand a TT tensor. Sketch it with a
Khatri-Rao product of small Gaussians, Ω = ΩN ⊙ · · · ⊙ Ω2 with Ωn ∈ RIn×ℓ: storage ℓ

∑
n In, every

column a random rank-one tensor.

Applying it is a right-to-left sweep of partial contractions, one MTTKRP per core:

WN = H(TX,N)ΩN , Wn = H(TX,n)
[
Wn+1 ⊙ Ωn

]
, n = N−1, . . . , 2

� randomize-then-orthogonalize exactly as in Family 1: Sn = V(TY,n)Wn+1(:, 1:ℓn), thin QR, new
core; O(NIR2ℓ) in total

� the sketch of the sum is the sum of the sketches — contract each Xk and accumulate, so the
block-diagonal formal sum is never built

Same leading order as the TT-structured sketch, with O(NI ℓ) random numbers instead of O(NI ℓ2) —
and this sketch can be widened after the fact.
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Paying for a weaker embedding: adapt the sketch size

A KRP of N Gaussians is not a Gaussian: 1
ℓ
∥AΩ∥2F is still unbiased for ∥A∥2F , but the guarantee costs

more:
ℓ ≳ max

{
ε−1C ′′

α lnN(2/δ), ε−2C ′
α ln2(2/δ)

}
with probability 1− δ

That lnN is the price of the structure — prescribing ℓ up front is guesswork.

Grow it instead. Per mode, start from binit columns and enrich in blocks

� the stopping test is that same estimator: use the enriching block to estimate the residual
∥X− QQTX∥F

� enriching is cheap because the sketch is a KRP: draw new Ωn and append Wn ← [Wn Wnew
n ],

keeping every contraction already done

Adaptivity is what the Khatri-Rao structure buys: very cheap to append columns compared to a
TT-format.
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Adaptive KRP rounding: back to the cookies problem

TT-GMRES on 4 cookies, with sum-then-round done three ways:

4.3. Parametric PDE in the TT format. We consider a parametric PDE
usually referred to as the cookie problem, [23, 33], in which the set of solutions is
known to be low-rank. This PDE is discretized using finite differences and results
in large linear system. We solve such a system using the TT-GMRES algorithm
[14]. In TT-GMRES, the dominant computational bottlenecks occur during the re-
peated formation of linear combinations of TT-tensors—first in the operator applica-
tion involving a sum over Kronecker products, and second during orthogonalization
via Gram–Schmidt. Each of these steps requires a TT-rounding operation to control
rank growth, making them critical to both the accuracy and efficiency of the overall
method. We can exploit the structure of the input as a sum of TT tensors using ran-
domization and call the operation Sum+Round (see Remark 3.3). For further details
on how this is done for the Rand-Orth algorithm, see [4, Section 4.2].

Description of problem setting. The details can be found in Section E.2.

Fig. 6: Left: Speedup relative to the naive TT-GMRES implementation on the para-
metric PDE with 4 cookies. Right: Maximum TT-ranks at each iteration across 3
independent runs.

Description of algorithmic settings. For tensor summation followed by round-
ing within the preconditioned TT-GMRES solver, we compare three strategies: the
naive deterministic implementation of preconditioned TT-GMRES, the randomized
summation-then-orthogonalize approach from [4], which we denote as TT-GMRES-
Rand-Orth, and our proposed adaptive randomized method based on KRPs tailored
to inputs that are sums of TT tensors (see Remark 3.3 and Algorithm D.2). We
denote our proposal by TT-GMRES-Rand-Orth-KRP. In TT-GMRES-Rand-Orth-
KRP, during the rounding of the sum of TT tensors (see Algorithm D.2), we set
the initial block size for the k-th mode equal to the maximum k-th TT-rank among
the summand tensors, and we set the enrichment factor finc = 0.05. On the left-
orthonormal compressed TT tensor obtained from Algorithm D.2, we perform a final
deterministic rounding pass to reduce any excess rank that may arise due to the block
size or the residual norm estimation (see Remark 3.2). We set the relative tolerance
in the TT-GMRES solver equal to 10−8. All three solvers achieved similar relative
residual errors, on the order of the specified solver tolerance.

Results and discussion. Figure 6 summarizes the runtime speedup and the max-
imum TT-ranks per iteration for the different algorithms. From the left panel in
Figure 6, we observe that our method, TT-GMRES-Rand-Orth-KRP, is the fastest
one. It achieves approximately a 51× speedup in the summation-following-rounding

21
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red: KRP, blue: TT sketch; axis: mode size I

� 51× on the sum-and-round kernel and 46× on
the whole solve

� 2× faster than the Family 1 TT-structured
sketch — at the same TT ranks per iteration

� Using 7 cookies, N = 8: the fixed-rank
randomized solver stalls at residual 10−2; the
adaptive one reaches 10−7 against a 10−8

target, 25× faster than naive — which runs out
of memory at I = 128

Al Daas, Ballard, Grigori, Martinez Aguilar, Saibaba & Verma, Adaptive randomized tensor train rounding using

Khatri-Rao products.
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Family 3: Kronecker



Family 3: Kronecker-structured random matrices

Build Ω from one small random matrix per mode, Ωj ∈ Rℓj×Ij :

Ω = (ΩN ⊗ · · · ⊗ Ωj+1 ⊗ Ωj−1 ⊗ · · · ⊗ Ω1)

Storage
∑

i ̸=j

Iiℓi instead of
∏

i ̸=j

Iiℓi

For I = 100, N = 5, ℓ = 20: 8× 103 instead of
2× 109.

Application — the key identity

Yj = X(j) Ω
T

is exactly a multi-TTM:

Y = X×1Ω1 · · ·×j−1Ωj−1×j+1Ωj+1 · · ·×N ΩN

So sketching costs TTM flops, using the operation we discussed earlier — and we never form
Ω, never form X(j).

Better still: the partial products X×1 Ω1 ×2 Ω2 · · · are shared between the sketches for different modes j .
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Randomized T-HOSVD

T-HOSVD is bottlenecked by the SVDs of the unfoldings.

Matrix idea: randomized range finder (Halko, Martinsson & Tropp 2011)

� post-multiply by a random matrix to approximate the range
� need an estimate of the rank, plus oversampling

Tensor idea: RandTucker (Minster, Li & Ballard 2022; Minster, Saibaba & Kilmer 2020)

1. Compute U = orthonormalization of X×2 Ω2 ×3 Ω3

2. Compute V = orthonormalization of X×1 Ω1 ×3 Ω3

3. Compute W = orthonormalization of X×1 Ω1 ×2 Ω2

4. G = X×1 UT ×2 VT ×3 WT

Every line is a TTM. Parallelizable, cache-friendly, and the sequentially truncated variant
randomizes the same way.

45/49



The catch: a Kronecker sketch is a weaker embedding

A Kronecker Ω has
∏

i Iiℓi entries but only
∑

i Iiℓi degrees of freedom. Its entries are heavily
dependent, and the embedding guarantee degrades accordingly.

What changes

� for a Gaussian, ℓ = O(r/ϵ2)

� for a Kronecker product of N factors, the
required ℓ picks up a dependence on N —
the known bounds degrade roughly
exponentially in the number of factors

� the tail/concentration behaviour is heavier:
rare bad draws are less rare

What to do about it

� oversample per mode, not globally: take
ℓj = Rj + p with p a genuine margin,
not p = 5

� the bounds are pessimistic — in practice
these sketches behave far better than
the theory promises

� and you can always verify: the Tucker
error is computable after the fact

This is the honest trade. We buy a factor of 105 in storage and pay for it in sketch size and in
theory. It is nearly always worth it — but know that you are paying.
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Wrapping up



The three families, side by side

structure of Ω where it arises storage cost to apply embedding

dense Gaussian — (the ideal) IN−1ℓ O(INℓ) ℓ = O(r/ϵ2)

TT columns
{TO,n}, rank k

TT rounding: sketch-
ing X(1:n)

O(
∑

j Ijk
2) O(NIR2k) contrac-

tion; one sweep
serves all n

degrades with k and
N; k is the dial

Khatri-Rao
ΩN ⊙ · · · ⊙ Ω2

rounding a sum of TT
tensors, to a tolerance

ℓ
∑

n In O(NIR2ℓ) partial
contractions; O(NIℓ)

RNGs

weakest of the three
(lnN), but the sketch
can grow

Kronecker
ΩN ⊗ · · · ⊗ Ω1

Tucker: sketching
modal unfoldings X(j)

∑
i Iiℓi multi-TTM; partial

products shared
across modes

degrades with the
number of factors

One idea throughout: give the random matrix the same structure as the data, so that “multiply
by Ω” becomes an operation the format already supports.
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